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1 Introduction
Monopole bubbling is the process in which smooth monopoles are absorbed into a ’t Hooft
defect (singular monopole). This non-perturbative phenomenon is an important aspect of
magnetically charged line defects in four dimensions. It decreases the effective magnetic charge
of the defect and traps quantum degrees of freedom on its world line. This was discovered
by studying the bubbling of U(1)K-invariant instantons on Taub-NUT
1 in which instantons
dissolve into the U(1)K fixed point where the S
1-fiber degenerates [33]. By Kronheimer’s
correspondence [35], this dissolving of instantons is equivalent to a process in which smooth
monopoles in R3 similarly dissolve into a ’t Hooft defect.
In this paper, we will be studying supersymmetric ’t Hooft defects in 4D N = 2 su-
persymmetric gauge theories. In these theories, the expectation value of ’t Hooft operators
can be computed exactly by using localization in the case of Lagrangian 4D N = 2 theories
[6, 31], and by using AGT or spectral network techniques in theories of class S [1, 2, 23–26].
We will specifically be interested in ’t Hooft operators in theories that lie at the intersection
of these two classes.
From general field theory considerations [31], the expectation value of ’t Hooft operators
in these theories is generically of the form2〈
L[P,0]
〉
=
∑
|v|≤|P |
e2pii(b,v)Z1−loop(a,m;P, v)Zmono(a,m;P, v) , (1.1)
where ( , ) is the Killing form, P ∈ Λcochar(G) is the ’t Hooft charge, a, b ∈ Λcr are param-
eters encoding the expectation value of bare electric and magnetic line defects respectively,
and m collectively denotes the masses of the matter in the theory. Here, the sum is over
bubbling configurations which are indexed by the effective ’t Hooft charge v ∈ Λcr + P and
Zmono(a,m;P, v) is the contribution from the degrees of freedom trapped on the ’t Hooft
defect [6–8, 31].
In order to understand this contribution, we need to have some way to study monopole
bubbling. In [6], the authors proposed a brane configuration to do so for products of mini-
mal ’t Hooft operators. In this paper, we provide more rigorous arguments why this brane
1Here the U(1)K action is translation along the S
1-fiber of Taub-NUT: TN
S1→ R3.
2Here we use the notation L[P,Q] to denote the line operator associated to the ’t Hooft and Wilson charges
[P,Q] ∈ (Λcochar × Λwt(Z(P )))/W where Λcochar is the cocharacter lattice of the gauge group, Λwt(Z(P )) is
the weight lattice of the centralizer of the cocharacter P in the gauge group, and W is the Weyl group.
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Figure 1. This figure illustrates the brane construction of a generic ’t Hooft defectin the SU(N)
N = 2 SYM theory with ’t Hooft charge P = ∑I pIhI where {hI} are a basis of simple magnetic
weights.
configuration describes ’t Hooft defects and give a brane configuration for generic ’t Hooft
operators.
In this paper, we will restrict our attention to supersymmetric ’t Hooft defects in 4D
N = 2 SU(N) SYM theory although similar results apply to N = 2∗ theories and theories
with Nf ≤ 2N fundamental hypermultiplets. 3 This theory can be embedded in string theory
as the low energy limit as the effective world volume theory of a stack of D3-branes. 4 In
this description, smooth monopoles take the form of finite D1-branes stretched between the
D3-branes which separate in the low energy limit [20].
We will show that in this description of N = 2 SU(N) gauge theories, ’t Hooft defects can
be realized as finite D1-branes running between the D3-branes and some auxiliary, spatially
transverse NS5-branes. 5 See Figure 1. In the low energy limit, these D1-NS5 systems will
introduce fixed, magnetically charged point sources that have no moduli, thus giving rise to
’t Hooft defects.
1.1 Outline and Summary
The outline of this paper is as follows. First, in Section 2 we will review some relevant details
of singular monopole moduli space. Additionally, we will review the bow construction of
instantons on Taub-NUT spaces [13, 17] and Kronheimer’s correspondence [35] and use them
3There are additionally subtleties associated with SU(N) N = 2 gauge theory with Nf = 2N fundamental
hypermultiplets as noted in [31]. See upcoming work [8] for a complete discussion.
4Note that we are truncating the world volume theory of the D3-branes to an N = 2 theory by introducing
a sufficiently large mass deformation.
5This has been shown for certain ’t Hooft defects in [12], but we will extend this analysis to include all ’t
Hooft defects. This configuration is very similar to the Chalmers-Hanany-Witten construction [11, 12, 29].
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Figure 2. This figure illustrates how Hanany-Witten transformations are realized for a brane configu-
ration of transverse D1- (red), D3- (black) and NS5-branes (⊗). Here we also see that by performing a
series of Hanany-Witten moves the NS5-branes source magnetic charge in the D3-brane world volume
theory.
to show that singular monopole moduli space can be realized as a bow variety [4]. We give the
explicit description of reducible singular monopole moduli space in preparation for Section 3.
6 See Figure 4.
In the following section, we will study the brane configuration proposed in [6, 12] to
describe reducible ’t Hooft defects (products of minimal ’t Hooft defects) in N = 2 SU(N)
SYM theory which we embed in the world volume theory of a stack of N D3-branes. These
operators are described by adding spatially transverse NS5-branes at fixed positions in be-
tween the D3-branes. One can see that they source magnetic charge in the D3-brane world
volume theory by performing Hanany-Witten transitions such that there are D1-branes con-
necting the D3- and NS5-branes. See Figure 2. Because these D1-branes have Dirichlet and
Neumann boundary conditions at opposite ends, they carry no low energy degrees of freedom
as we expect from ’t Hooft operators. Note that this brane configuration is Hanany-Witten
dual to that of Figure 1 for the case that pI = δIJ for some J .
We then concretely demonstrate that these NS5-branes induce ’t Hooft defects in the D3-
brane world volume in Section 3.2 by identifying the moduli space of supersymmetric vacua
of the world volume theory of the D1-branes with the appropriate singular monopole moduli
space in analogy with [20, 21]. Specifically, we find that the vacuum equations are given by
Nahm’s equations which define a bow moduli space. Then by studying the bow equations, we
identify the moduli space of supersymmetric vacua with reducible singular monopole moduli
space by using the bow description derived in Section 2.
Then we argue that this brane configuration can be used to study monopole bubbling.
In this setting, monopole bubbling occurs when a D1-brane stretched between adjacent D3-
branes becomes coincident with an NS5-brane. By using Hanany-Witten transformations, this
6To our knowledge, the identification for irreducible singular monopole moduli space is not known. We
comment further on the case of irreducible singular monopoles and how it relates to our results in Section 4.4.
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Figure 3. This figure illustrates how Hanany-Witten transformations of our brane system can be
used to show that monopole bubbling is non-singular. (a) We consider a system of 2 parallel D3-
branes (black lines) with m1 D1-branes (red lines) stretched between them and spatially transverse
NS5-branes (black ⊗). (b) We move a single D1-brane down so that it is spatially coincident with the
NS5-branes. (c) We can pull the NS5-branes through the D3-branes by performing a Hanany-Witten
transition so that the D1-branes now end on the NS5-branes.
seemingly singular configuration can be exchanged for one in which the D1-brane does not
intersect the NS5-brane, but rather is coincident with a D1-brane connecting the NS5-brane to
one of the D3-branes. See Figure 3. We then expect that this well behaved brane configuration
can be used to understand monopole bubbling. This is supported by the localization results
of [6] in which Zmono (1.1) is computed by the Witten index of the effective SQM of the
bubbled D1-branes.
We then study the relationship between Kronheimer’s correspondence and T-duality.
Specifically, we find that T-duality maps singular monopole configurations to the correspond-
ing U(1)K-invariant instanton configurations on Taub-NUT given by Kronheimer’s correspon-
dence. Thus in this setting, T-duality is identical to Kronheimer’s correspondence. This is
one of the main results of our paper
In Section 4, we propose a new brane configuration to describe generic ’t Hooft defects
in 4D N = 2 SU(N) SYM theory. We show that this configuration is indeed the correct
description by making use of the identification between Kronheimer’s correspondence and
T-duality. In summary, we find that a ’t Hooft operator of charge
P =
∑
I
pIh
I , (1.2)
is given by connecting the stack of N D3-branes on which our theory lives to a single spatially
transverse NS5-brane where pI D1-branes connect to the I
th D3-brane. See Figure 1.
We argue that as in the case of Section 3, this non-singular brane configuration can
be used to study monopole bubbling for generic ’t Hooft operators semiclassically. Again,
bubbling can be understood by coincident D1-branes and thus we would expect that the
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Figure 4. This graph shows the dualities between the moduli space of reducible singular monopoles
(M), Coulomb branch of 3D N = 4 SU(N) gauge theories with fundamental matter (MC), bow
moduli spaces (Mbow), and the moduli space of U(1)K-invariant instantons on Taub-NUT (MU(1)Kinst ).
Here the abbreviations Mirror Sym., Birat. Equiv., Kron. Corr., and Bow Const., refer to Mirror
symmetry [11, 12, 29], Kronheimer’s Correspondence [35], birational equivalence [43], and the bow
construction [13–15] respectively.
bubbling contributions to (1.1) is given by the Witten index of the resulting effective SQM
of the world volume theory of the finite D1-branes.
2 Singular Monopoles and their Moduli Spaces
In this section we will review singular monopole moduli spaces and show that they can be de-
scribed as bow varieties which are themselves moduli spaces of instantons on 4D hyperka¨hler
ALF spaces [15]. This formulation is a consequence of Kronheimer’s correspondence which
gives an explicit map between singular monopole configurations and U(1)K-invariant instan-
tons on Taub-NUT [35]. While this mapping is simple at the level of field configurations,
it is difficult to derive the data of the corresponding bow variety directly. However, in the
case of reducible singular monopoles, we can use the semiclassical duality between singular
monopole moduli space and the Coulomb branch of 3D N = 4 quiver gauge theories with
fundamental matter to make the exact identification of reducible singular monopole moduli
spaces as a bow variety. See Figure 4.
2.1 Review of Singular Monopole Moduli Space
Smooth monopoles are static, finite energy field configurations of a 4D Yang-Mills theory
with gauge group G coupled to a real, adjoint Higgs field X, which carry non-trivial magnetic
charge. These classical field configurations are defined by solutions of the Bogomolny equation
Bi = DiX , (2.1)
– 6 –
with the asymptotic boundary conditions
X = X∞ − γm
2r
+O(r−1/2) as r →∞ ,
~B =
γm
2r2
rˆ +O(r−3/2) as r →∞ .
(2.2)
Here DiX = ∂iX + [Ai, X], where i = 1, 2, 3, is the gauge covariant derivative and X∞ ∈ t
is a regular element of the Cartan algebra that defines a splitting of the Lie algebra of G.
Additionally, γm ∈ Λcr is the asymptotic magnetic charge
γm =
1
4pi
∫
S2∞
Bi rˆ
i r2dΩ . (2.3)
The set of solutions to the Bogomolny equation subject to these boundary conditions de-
fines the moduli space of monopole configurations: M(γm;X∞). This space has the following
properties:
1. M(γm;X∞) is a hyperka¨hler manifold.
2. M(γm;X∞) 6= ∅ iff γm 6= 0 obeys the property
γm =
∑
I
mIHI , m
I ≥ 0 ∀I , (2.4)
where {HI} are a basis of simple coroots.
3. If M(γm;X∞) 6= ∅, then its dimension is given by
dimR M(γm;X∞) = 4
∑
I
mI . (2.5)
4. The symmetry group of M(γm;X∞) is given by SO(3)rot ×R3trans × T where SO(3)rot
and R3trans are spatial rotation and translation symmetry respectively and T ⊂ G is the
maximal torus of G which acts by global gauge transformation.
5. The topology of the moduli space is given by
M = R3cm ×
RX∞ ×M0
D
, (2.6)
where R3cm and RX∞ are the orbits of the R3trans and eiX∞ ∈ T respectively. M0 is a
simply connected space called the strongly centered moduli space and D is the group of
deck transformations which gives rise to pi1(M) = Z. See [9, 40] for more details.
See [49] for a review of smooth monopoles.
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If we lift the requirement that the configuration has finite energy,7 then we can also find
solutions to the Bogomolny equations which have a singular behavior at points ~xn ∈ R3:
X = − Pn
2rn
+O(r−1/2n ) as rn → 0 ,
~B =
Pn
2r2n
rˆn +O(r
−3/2
n ) as rn → 0 ,
(2.7)
in a local coordinate system centered at ~xn. These boundary conditions insert a magnetic
source of charge Pn ∈ Λcochar at ~xn which shift the asymptotic magnetic charge γm ∈ Λcr +∑
n Pn.
Together with the asymptotic boundary conditions, the singular behavior (2.7) defines
the moduli space of singular monopoles M({Pn}, γm;X∞). This space has the properties:
1. M({Pn}, γm;X∞) is a hyperka¨hler manifold with singularities. It is non-empty iff
γ˜m = γm −
∑
n
P−n =
∑
I
m˜IHI , m˜
I ≥ 0 , ∀I , (2.8)
is non-zero [38]. Here P−n is the image of Pn under the action of the Weyl group in the
closure of the anti-fundamental chamber and γ˜m is called the relative magnetic charge.
2. If M({Pn}, γm;X∞) is non-empty, its dimension is given by
dimR M({Pn}, γm;X∞) = 4
∑
I
m˜I . (2.9)
3. The only symmetries of a generic singular monopole moduli space is T0 ⊂ T which is
the set of global gauge transformations generated by h ∈ t such that (X∞, h) = 0.
2.1.1 ’t Hooft Operators
Now we can construct the ’t Hooft defect operator L[P,0]. This is a disorder operator in the
quantum field theory that imposes the boundary conditions (2.7) on the fields in the path
integral at a point ~xn in space. This is a special case of the ’t Hooft line operator in which
the ’t Hooft boundary conditions are imposed along a curve in space time [46].
In N = 2 supersymmetric theories, as is our focus in this paper, there is a supersym-
metric version of the ’t Hooft defect. These operators preserve 12 -SUSY due to the fact that
they break translation invariance and come with a choice of conserved supercharges which is
specified by ζ ∈ U(1). Thus, mutually supersymmetric ’t Hooft operators must all have the
same choice of ζ.
These operators impose the same boundary conditions (2.7) in the path integral where
the choice of ζ identifies the real, adjoint Higgs field X with the imaginary part
ζ−1Φ = Y + iX , (2.10)
7Classically for smooth monopoles, Eclass =
4pi
g2
(X∞, γm) where ( , ) is the Killing form on g.
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where Φ is the complex, adjoint valued Higgs field of the N = 2 vectormultiplet. In this paper,
the choice of ζ will be unimportant and hence we will ignore it for most of our discussion.
Additionally, for the rest of this paper, we will only discuss supersymmetric ’t Hooft operators.
Often in this paper we will differentiate between irreducible, minimal, and reducible
’t Hooft defects. Those defined by the boundary conditions above are irreducible ’t Hooft
defects. These are S-dual to the Wilson line with irreducible representation of highest weight
P ∈ Λwt(G∨) [33]. The definition of reducible ’t Hooft defects requires a notion of minimal ’t
Hooft defects. These are irreducible ’t Hooft defects with minimal charge – that is irreducible
’t Hooft defects whose ’t Hooft charge is a simple cocharacter P = hI . These are S-dual to
the Wilson line with the minimal irreducible representation of G∨.
Reducible ’t Hooft defects of charge P ∈ Λcochar are defined as the coincident limit of
Ndef =
∑
I pI minimal ’t Hooft defects, each of charge h
I(i) where i = 1, ..., Ndef indexes the
’t Hooft defects,8 such that
P =
Ndef∑
i=1
hI(i) =
rnkG∑
I=1
pIh
I , pI ≥ 0 , ∀I . (2.11)
In short, reducible ’t Hooft defects are simply the product of minimal ’t Hooft operators.
Consequently, they are S-dual to a Wilson line with a reducible representation given by the
product of minimal representations of G∨.
In N = 2 supersymmetric theories, reducible ’t Hooft operators are related to irreducible
’t Hooft operators by the corresponding products of their associated representation of the
Langlands dual group G∨:
L[P,0] · L[P ′,0] =
⊕
P ′′
R P
′′
PP ′ L[P ′′,0] , P⊗ P′ =
⊕
P ′′
R P
′′
PP ′ P
′′ . (2.12)
Here P,P′,P′′ are representations of G∨ and R P ′′PP ′ are its structure constants [33].
We will denote the moduli space of singular monopoles in the presence of reducible ’t
Hooft defects inserted at ~yn as
M̂({Pn}, γm;X∞) = lim
~x
(n)
i →~yn
M({hI(i)}, γm;X∞) , (2.13)
where the ith minimal ’t Hooft defect of charge hI(i) is inserted at ~x
(n)
i and contributes to the
charge at ~yn
Pn =
∑
i : ~x
(n)
i →~yn
hI(i) . (2.14)
We will refer to this as reducible singular monopole moduli space.
8Here we use the notation where the ith monopole is of charge hI(i). That is, I(i) = 1, ..., rnk G according
to the charge of the ith monopole.
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2.1.2 Singularity Structure: Monopole Bubbling
The singular locus of M has the special interpretation of describing monopole bubbling
configurations. In the case of a single ’t Hooft defect, singular monopole moduli space
M(P, γm;X∞) has the stratification
M(P, γm;X∞) =
∐
|v|≤P
M(s)(v, γm;X∞) , (2.15)
where M(s)(v, γm;X∞) ⊂ M(v, γm;X∞) is the smooth component of M(v, γm;X∞) [43].
Here each component M(s)(v, γm;X∞) describes the degrees of freedom of the free (unbub-
bled), smooth monopoles in the bubbling sector with effective (screened) ’t Hooft charge
given by v ∈ Λcr + P . We will further denote the transversal slice of each component
M(s)(v, γm;X∞) ⊂M(P, γm;X∞) by M(P, v). As shown in [6, 43], in the case of reducible
monopoles, M(P, v) is a quiver variety.
Physically this should be thought of as follows. Singular monopole moduli spaceM(P, γm;X∞)
decomposes into a collection of nested singular monopole moduli spaces of decreasing charge
and dimension: M(v, γm;X∞) where |v| ≤ |P |. Each lower-dimensional component describes
the singular monopole moduli space that results when a smooth monopole is absorbed into
the defect. As we know, this reduces the charge of the ’t Hooft defect and reduces the num-
ber of degrees of freedom in the bulk. The complicated structure of M comes from how the
nested components are glued together to form the total moduli space. This is determined
by the transversal slice of each component which physically describes the moduli of smooth
monopoles that were swallowed up by the ’t Hooft defect. In the case of reducible defects,
the transversal slice is particularly simple and is given by a quiver moduli space. This indi-
cates that quantum mechanically, bubbling of the smooth monopoles induces a corresponding
quiver SQM on the world volume of the ’t Hooft defect.
2.2 Instantons on multi-Taub-NUT and Bows
Recently, there has been a significant amount of work on describing instantons on ALF spaces.
In [13–15, 18], the authors provided a theoretical framework to find explicit instanton solutions
on these spaces that relies on a central algebraic object called a bow. As in the ADHM
construction, which relies on quivers, each bow9 comes with an associated instanton moduli
space which is formally called a bow variety. As we will show, singular SU(N) monopole
moduli spaces can be written as bow varieties associated to certain instanton configurations
on multi-Taub-NUT spaces. 10 In order to facilitate this, we will first provide a quick overview
of the bow construction.
9Really each pair of small and large representations of the bow.
10Singular monopole configurations for other gauge groups will be given by the moduli space of certain
instanton configurations on the corresponding ALF space.
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2.2.1 Quick Review of Bows
Heuristically, a bow can be thought of as a quiver with a different type of representation
structure. Bows are essentially quivers with wavy lines instead of nodes. One should think of
these wavy lines as intervals with a collection of marked points Λ that connect together along
the edges of the original quiver to form a space Σ (in our case Σ = S1). A representation
of the bow then defines a vector bundle (or really a sheaf) with connection E → Σ that can
change rank at the edges of the different intervals and at marked points in Σ. The connection
on E is required to satisfy Nahm’s equations with certain boundary/matching conditions at
edges and marked points. A representation of a bow is then given by a solution of the Nahm’s
equations for the connection on E subject to these conditions.
The bow construction of instantons on multi-Taub-NUT relies on two such representations
of a bow: the small representation and the large representation. The small representation
encodes the data of the multi-Taub-NUT space, while the large representation describes
the instanton bundle. These two representations can be put together to give an explicit
construction of instantons on Taub-NUT in a manner analogous to the ADHM/ADHMN
construction of instantons/smooth monopoles [3, 42].
Now we will give precise definitions of bows and their representations and review how
they can be used to give explicit instanton solutions on Taub-NUT space. The reader who is
less interested in technical details can feel free to skip the rest of the subsection.
Bow Data: A bow is a directed quiver diagram where nodes are replaced by a collection
of connected wavy line segments with marked points at the connection of any two wavy line
segments. This is specified by:
1. A set of directed edges, denoted E = {ei}.
2. A set of continuous wavy line segments, denoted I = {ζi}. We will additionally use Ii
to denote the set of ζ ∈ I in between edges ei, ei+1 ∈ E .
3. A set of marked points denoted Λ = {xi} in between wavy line segments. We will
additionally use the notation Λi to be the set of marked points x ∈ Λ which are at the
end points of the ζ ∈ Ii.
See Figure 5 for an example of a bow.
Bow Representations: A representation of a bow consists of the following data
1. To each wavy interval ζ ∈ I, we associate a line segment σζ with coordinate s such that
σζ = (o(ζ), i(ζ)) where o(ζ) and i(ζ) are the beginning and end of ζ respectively. The
intervals σζ connect along marked points and edges to form a single interval (or circle)
Σ =
⋃
ζ∈I σζ according to the shape of the bow.
– 11 –
ζ1
ζ2
ζ3 ζ4
ζ5
ζ6 ζ7
ζ8
ζ9
eN e1 e2 e3 e4 e5 e6
x1 x2
Figure 5. This figure is an example of a type An bow with edges {eI}, segments {ζi}, and marked
points {xn}.
2. For each x ∈ Λ we define a one-dimensional complex vector space Cx with Hermitian
inner product 〈 , 〉.
3. For each ζ ∈ I, we assign a non-negative integer R(ζ) ∈ N and for each point x ∈ Λ we
define ∆R(x) = |R(ζ−)−R(ζ+)| where ζ± are the segments to the left and right of the
point x.
4. For each e ∈ E , we assign a vector ~νe = (ν1e , ν2e , ν3e ) ∈ R3.
5. For each ζ ∈ I, we define a vector bundle Eζ → σζ of rank R(ζ). And for each x ∈ Λ,
we define an irreducible su(2) representation of dimension ∆R(x) with generators {ρi}.
This gives a representation of (Eζ±
∣∣
x
)⊥ ⊂ (Eζ∓)
∣∣
x
for R(ζ∓) > R(ζ±), where ζ± are
the segments to the right/left of x.
6. For each x ∈ Λ where ∆R(x) = 0, we define a set of linear maps I : Cx → E
∣∣
x
and
J : E
∣∣
x
→ Cx and a set of linear maps BLRe : E
∣∣∣
t(e)
→ E
∣∣∣
h(e)
, BRLe : E
∣∣∣
h(e)
→ E
∣∣∣
t(e)
for
each e ∈ E where h(e), t(e) is the head, tail of the arrow e respectively.
7. ∇s - a Hermitian connection dds + T0 and skew-Hermitian endomorphisms {Ti}3i=1 on
Eζ over the interval σζ which have the pole structure
Tj(s) =
(
1
2
ρj
s−x +O((s− x)0) O((s− x)
∆R−1
2
O((s− x)∆R−12 ) T−j (λ) +O(s− x)
)
, (2.16)
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near x ∈ Λ.
8. As in the ADHM and Nahm construction, there is a gauge symmetry of the instanton
bundle E. These gauge transformations act on the various field as
g :

T0
Ti
BLRe
BRLe
Ix
Jx

7→

g−1(s)T0g(s)− ig−1 ddsg(s)
g−1(s)Tig(s)
g−1(h(e))BLRe g(t(ζ))
g−1(t(e))BRLe g(h(e)
g−1(x)Ix
Jxg(x)

. (2.17)
9. If we reorganize these linear maps as
Qx =
(
J†x
Ix
)
, B−e =
(
(BLRe )
†
−BRLe
)
, B+e =
(
(BRLe )
†
BLRe
)
,
T = 1⊗ T0 + iσj ⊗ Tj , T∗ = 1⊗ T0 − iσj ⊗ Tj , νC = ν1 + iν2 ,
(2.18)
then the linear maps are required to satisfy the “Nahm equation” [15]
µ =Im
(
d
ds
T− iT∗ ·T +
∑
x∈Λ
δ(s− x)Qx ⊗Q†x
+
∑
e∈E
(
B−e ⊗ (B−e )†δ(s− t(e)) +B+e ⊗ (B+e )†δ(s− h(e))
))
,
(2.19)
where µ =
∑
j νj(s)σ
j and ~ν(s) = ~νeδ(s− h(e)) + ~νeδ(s− t(e)) .
This equation can be rewritten in a more familiar form as [13–15]
0 = ∇sT3 + i
2
[T1 + iT2, T1 − iT2] + 1
2
∑
x∈Λ
(J†xJx − IxI†x)δ(s− x)
+
1
2
∑
e∈E
[ (
(BLRe )
†BLRe −BRLe (BRLe )† − ν3(s)
)
δ(s− t(e))
+
(
(BRLe )
†BRLe −BLRe (BLRe )† − ν3(s)
)
δ(s− h(e))
]
,
0 = ∇s(T1 + iT2) + i[T3, T1 + iT2]−
∑
x∈Λ
IxJxδ(s− x)
+
∑
e∈E
[ (
BRLe B
LR
e − νC(s)
)
δ(s− t(e))
+
(
BLRe B
RL
e − νC(s)
)
δ(s− h(e))
]
.
(2.20)
Note that this is simply the complexified Nahm equations with certain boundary terms.
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2.2.2 Bow Construction of Instantons
Now we will construct instanton solutions on TNk. First, we need to specify the data of the
multi-Taub-NUT. This requires specifying a small representation. This is a representation of
an Ak−1-type bow (a circular bow with k-edges and k-intervals) in which Λ = ∅ and Rζ = 1,
∀ζ ∈ I. Here, we will denote the triple of skew-Hermitian endomorphisms from condition (7.)
as {ti} and the linear maps for each edge e ∈ E , bLRe : Et(e) → Eh(e) and bRLe : Eh(e) → Et(e).
For the small representation, in the bulk of each interval the ti satisfy
dti
ds = 0 with boundary
conditions defined by the bLRe , b
RL
e as in the Nahm equation (2.19).
The metric on the multi-Taub-NUT space can then be defined by reducing the “flat”
metric
ds2 =
∑
e
[
1
2
d(bLRe )
†dbLRe +
1
2
d(bRLe )
†dbRLe + (dt
2
e,0 + d~t
2
e,i)
]
, (2.21)
by Nahm’s equations and gauge symmetry. Here, the angular coordinate on TNk is deter-
mined by the gauge invariant data of t0: log(P exp
∮
ds t0) [13–15, 18].
Now we can construct the actual instanton configuration. This is specified by a large
representation which is allowed to have non-empty Λ and generic data for the R(ζ). We will
denote the maps of this representation as {Ti}, BLR, BRL.
After solving the Nahm equations, we construct a Dirac operator
Dt = d
ds
+ Ti ⊗ σi − ti(1⊗ σi) . (2.22)
As in the ADHM and ADHMN constructions, we find the kernel of this operator
Dtψi = 0 , (2.23)
and use it to construct a matrix
Ψ =
(
ψ1 ψ2 · · · ψN
)
, (2.24)
of the linearly independent solutions of (2.23). Using this, we can reconstruct the self-dual
gauge field as in [13–15] by
Aµ =
∫
ds Ψ †iDµΨ , Dµ =
∂
∂xµ
− isaµ , aµ = dξ + ω
V (~x)
, (2.25)
where V (~x) is the harmonic function for multi-Taub-NUT and ω is the corresponding Dirac
potential:
dV = ∗3dω . (2.26)
As we will see in the next section, instantons that are U(1)K invariant will be of special
interest to us. As shown in [4], there is a special class of large bow representations, called
Cheshire bow representations, that give rise to U(1)K-invariant instantons on muti-Taub-
NUT. These bows have the special properties:
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• A sub-interval ζ ∈ I such that R(ζ) = 0
• R(ζL,e) = R(ζR,e) where ζL, ζR are the intervals to the left and right of an arrow e ∈ E
This is because the U(1)K action of translation along the fiber coordinate will be determined
by a non-trivial shift in
∮
ds t0 mod 2pi. In the case of a Cheshire bow representation, we can
use gauge symmetry to eliminate this shift since there is a ζ ∈ I where R(ζ) = 0 which means
that Σ has effective endpoints on which the gauge transformations of E are unrestricted.
Thus, any shift of of the fiber coordinate can be compensated by a gauge transformation and
therefore, the corresponding instantons will be U(1)K-invariant [4, 14].
2.2.3 Bow Varieties
As in the ADHM/ADHMN construction, there is a moduli space of instanton configurations
corresponding to the set of all (large) representations of a bow. Consider fixing a type Ak−1
bow and a small representation r. Further, fix the specification of I, Λ, E , {~νe}, and E → Σ
for the large representation R. The bow moduli space is then given by set of all large
representations modulo gauge equivalence. This is given by
Mbow(R, r) =

T ∈ H⊗ End(E) ,
Qx : Cx × Cx → Ex × Ex ,
B+e : Eh(e) × Eh(e) → Et(e) × Et(e) ,
B−e : Et(e) × Et(e) → Eh(e) × Eh(e) ,
Nahm’s Equations
(2.19)

/
G . (2.27)
where Qx, B
±
e ,T are defined as in (2.18) and Es = E
∣∣
s
is the fiber of E → Σ at s ∈ Σ. This
describes the moduli space of instantons on multi-Taub-NUT with fixed asymptotic data
[13, 17].
2.2.4 Bow Variety Isomorphisms: Hanany-Witten Transitions
An interesting feature of bow varieties is that there are often many different, isomorphic
formulations of the same bow variety. One such isomorphism that will be useful for us is the
Hanany-Witten isomorphism [43]. This allows us to exchange an adjacent edge and marked
point in exchange for modifying the local values of R(ζ).
This isomorphism of representations is explicitly given by
R(ζ1) R(ζ2) R(ζ3) R(ζ1) R(ζ'2) R(ζ3)HW Isom.
where the R(ζi) obey the relation
R(ζ2) +R(ζ
′
2) = R(ζ1) +R(ζ3) + 1 . (2.28)
As we will see, this will be intimately related to Hanany-Witten transitions of brane config-
urations.
– 15 –
2.3 Kronheimer’s Correspondence
Now we will briefly review Kronheimer’s correspondence. 11 This is a map between singular
monopole configurations in R3 (time independent on R4) and certain instanton configurations
on Taub-NUT spaces. Thus we will first give a quick review of Taub-NUT spaces.
2.3.1 Taub-NUT Spaces
Taub-NUT is a 4D asymptotically locally flat (ALF) hyperka¨hler manifold which can be
realized as a S1 fibration over R3. Topologically, it is homeomorphic to R4, but it has the
property that the restriction of the S1 fibration to a a 2-sphere S2 in the base R3 is the Hopf
fibration of charge 1.
Taub-NUT has a metric which can be written in Gibbons-Hawking form as
ds2 = V (~x) d~x · d~x+ V −1(~x) Θ2 , (2.29)
where
V (~x) = 1 +
1
2|~x| , Θ = dξ + ω , dω = ∗3dV , (2.30)
where ξ is the S1 fiber coordinate and ∗3 is the Hodge dual restricted to the base R3.
Taub-NUT has a natural U(1) isometry (which we will refer to as U(1)K) given by
translation of the fiber coordinate
fk(~x, ξ) = (~x, ξ + k) , f
∗ds2 = ds2 , k ∈ R . (2.31)
This action has a single fixed point, called the NUT center (in this case at ~x = 0), where the
S1 fiber degenerates. Thus, dξ is not a globally well defined 1-form. However, Θ = dξ + ω is
globally well defined.
There is also an extension of Taub-NUT to include multiple NUT centers called multi-
Taub-NUT (TNk). This space is also a 4D ALF hyperka¨hler manifold which is given by a S
1
fibration over R3. Its metric can also be written in Gibbons-Hawking form (2.29) with the
substitution
V (~x) = 1 +
k∑
i=1
1
2|~x− ~xi| , dω = ∗3dV . (2.32)
Again there is a U(1)K isometry which has fixed points (NUT centers) at ~xi ∈ R3 where
the S1 fiber degenerates. This renders dξ globally ill-defined, but again Θ = dξ + ω is well
defined.
This space has a non-trivial topology given by H2cpt(TNk,Z) = Γ [Ak−1] where Γ [Ak−1]
is the root lattice of the Lie group Ak−1. These non-trivial 2-cycles in H2cpt(TNk,Z) are
homologous to the preimage of the lines running between any two NUT centers under the
projection pi : TNk → R3.
11Full details and proof are presented in Appendix A. To our knowledge, the proof of Kronheimer’s corre-
spondence has only been given for the case of single defects. In the Appendix, we both review the proof for
the case of a single defect and prove the case of multiple defects.
– 16 –
2.3.2 Review of Kronheimer’s Correspondence
Consider the singular monopole configuration with k irreducible singular monopoles with
charges Pn inserted at positions ~xn ∈ R3. Kronheimer’s Correspondence gives a one-to-one
mapping between this singular monopole configuration and U(1)K-invariant instantons on
k-centered (multi)-Taub-NUT [35]. Here, U(1)K-invariant means that the U(1)K action on
the connection Aˆ of our gauge bundle P → TNk is equivalent to a gauge transformation
[22, 30]
f∗Aˆ = g−1Aˆg + ig−1dg . (2.33)
Here f generates translations along ξ as in (2.31) and g generates a gauge transformation
which defines the lift of the U(1)K action to the gauge bundle . As shown in Appendix A,
this lift of the U(1)K action is specified by the collection of ’t Hooft charges {Pn} which fixes
the limiting behavior of the lift of the U(1)K action near the NUT centers lim~x→~xσ g = e
−iP ξ.
Away from NUT centers, we can choose our connection to be in a U(1)K invariant gauge
Aˆ = AR3 + ψ(x)(dξ + ω) , (2.34)
where AR3 is a connection on the base TNk → R3 that has been lifted to the full TNk. Now
the for Aˆ to describe an instanton, it must satisfy the self-duality equation: Fˆ = ∗Fˆ where
Fˆ is the curvature of Aˆ. Using the form of the curvature
Fˆ = (FR3 − ψdω)−Dψ ∧ (dξ + ω) , (2.35)
where FR3 is the curvature of AR3 , and the orientation form Θ ∧ dx1 ∧ dx2 ∧ dx3, we can
compute the dual field strength
∗ Fˆ = − ∗3 FR3 ∧
(
dξ + ω
V
)
− V ∗3 Dψ + ψ ∗3 dω ∧
(
dξ + ω
V
)
. (2.36)
Now self-duality Fˆ = ∗Fˆ reduces to the equation
∗3 (FR3 − ψdω) = V Dψ , (2.37)
which can be rewritten as
∗3 FR3 = D(V ψ) . (2.38)
This is the familiar Bogomolny equation (2.1) under the identification X = V ψ.
As shown in Appendix A, this connection can be extended globally iff AR3 and ψ(x) have
the limiting forms
lim
~x→~xn
AR3 = Pnω , lim
~x→~xn
ψ(x) = −Pn . (2.39)
Therefore, by using this limiting form of the fields with the identification of Kronheimer’s
correspondence, the corresponding field configuration has the limiting behavior
lim
~x→~xn
FR3 =
Pn
2
dΩ , lim
~x→~xn
X = lim
~x→~xn
V (x)ψ(x) = − Pn
2|~x− ~xn| . (2.40)
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Therefore, since the pair (AR3 , X) satisfy the Bogomolny equation (2.38) and have the limiting
form (2.40), a U(1)K invariant instanton on multi-Taub-NUT is in one-to-one correspondence
with a singular monopole configuration on R3 where the data of the singular monopole is
encoded in data of the NUT centers and lift of U(1)K action. Further details about this
correspondence can be found in Appendix A.
Kronheimer’s correspondence tells us that singular monopole moduli space is equivalent
to some moduli space of U(1)K-invariant instantons on multi-Taub-NUT. By using the explicit
construction of the moduli space instantons on multi-Taub-NUT from the previous section,
we see that singular monopole moduli space can be described as a bow variety corresponding
to Cheshire bow representations [4]. However, while it is easy to give the explicit map
between U(1)K-invariant instanton and singular monopole field configurations, it is difficult
to use Kronheimer’s correspondence to specify the data of the bow variety describing a given
singular monopole moduli space.
2.4 Reducible Singular Monopole Moduli Space and 3D N = 4 Gauge Theories
Now that we have an exact equivalence betweenM with a bow variety, we can use semiclassical
equivalences to identify M ∼= Mbow. One such equivalence exists for the case of reducible
’t Hooft defects in SU(N) theories [11, 12, 29, 43]. This identification equates M̂ to the
Coulomb branch (MC) of a 3D N = 4 SU(N) gauge theory with fundamental matter. Then
by using the results of [43], which identifies MC as a bow variety, we can identify the bow
variety describing M̂. To our knowledge, a similar identification for irreducible singular
monopoles is not known. We will comment on this further in Section 4.
It is one of the general results of [11, 20, 29] that SU(N) monopole moduli space is de-
scribed by the Coulomb branch of a 3D N = 4 theory. This equates smooth monopole moduli
space for SU(N) gauge theory with magnetic charge γm =
∑
I m
IHI , with the Coulomb
branch of the 3D N = 4 linear quiver gauge theory with gauge group G = ∏I U(mI) and
only bifundamental matter corresponding to the quiver
m1 m2 m3 mN−2 mN−1
This was extended to include minimal (and hence reducible) singular monopoles away
from the bubbling locus in [12]. Consider the reducible singular monopole moduli space with
γ˜m =
∑
I
mIHI , Pn =
∑
i : ~xi=~xn
hI(i) =
∑
I
p
(n)
I h
I , X∞ =
∑
I
(
1
g2I
)
HI , (2.41)
where i = 1, ...,
∑
n,I p
(n)
I indexes minimal ’t Hooft defects which are at a position ~xi with
charge hI(i). This space is equivalent to
M̂({Pn}, γm;X∞) ∼=MC(Γ~m,~p; gi) , (2.42)
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Figure 6. This figure gives a the bow describing the Coulomb branch of 3D N = 4 theory with gauge
group G =
∏
s U(ms) and pI =
∑
n p
(n)
I fundamental hypermultiplets coupled to each gauge group.
In this bow R(ζ
(I)
a ) = mI and m0, p0 = 0.
where MC is the Coulomb branch of the 3D N = 4 quiver gauge theory associated to the
quiver Γ~m,~w:
m1 m2 m3 mN−2 mN−1
p1 p2 p3 pN−2 pN−1
and pI =
∑
n p
(n)
I .
This theory has a gauge group G =
∏
I U(m
I) with gauge couplings gI for each factor.
Additionally, there are fundamental hypermultiplets transforming under the fundamental rep-
resentation of the flavor group GF =
∏
I G
I
F =
∏
I U(pI) where each hypermultiplet trans-
forming under U(pI) couples to the U(m
I) factor in the gauge group. The hypermultiplets
have mass parameters ~mn = ~xn determined by the position of the singular monopoles which
additionally break each factor of the flavor symmetry group U(pI)→
∏
n U(p
(n)
I ).
Using the results of [43] we can describe the Coulomb branch of this 3D N = 4 quiver
gauge theory by the moduli space of the bow in Figure 6. We will think of this bow as being
split up by marked points xI ∈ Λ.
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For this bow, in between xI , xI+1 ∈ Λ, there are 1 +
∑
n p
(n)
I wavy segments ζ
(I)
a ∈ I and∑
n p
(n)
I edges e
(I)
i ∈ E . Each wavy segment ζ(I)a has R(ζ(I)a ) = mI and each e(I)i comes with the
data of a triplet triplet ~ν (I,i) which we identify with the mass of a fundamental hypermultiplet.
In between each pair xI , xI+1 ∈ Λ, there are p(n)I edges with identical ~ν (I,i) = ~mn. We will
additionally take m0 = p
(n)
0 = 0.
Now we can use the dualities in Figure 4 to identify M̂ ∼=Mbow with
• Gauge group G = SU(N) specifies |Λ| = N where xI ∈ Λ for I = 0, ..., N − 1,
• ’t Hooft charges Pn =
∑
i :~νi=~xn
hI(i) where i = 1, ...,
∑
I,n p
(n)
I specifies |E| =
∑
I,n p
(n)
I
where i indexes the edges e ∈ E , I indexes the points x ∈ Λ, I(i) = I is associated
charge where the edge ei is in between xI and xI+1, and the insertion points ~xn are the
parameters ~xn = mn.
• Asymptotic relative magnetic charge γ˜m = γm−
∑
n P
−
n =
∑
I m
IHI specifies R(ζ
(I)
j ) =
mI , I = 1, ..., N − 1 with R(ζ(N)j ) = 0.
Remark While this identification used the semiclassical equivalence (2.42), this bow moduli
space description of singular monopole moduli space captures the full geometry including the
singularity structure as in [43]. This is because Kronheimer’s correspondence explicitly gives
us a complete identification of the full singular monopole moduli space with a bow variety.
We are simply using the relation (2.42), which we only a priori trust away from the singular
locus, to pinpoint exactly which bow moduli space describes M̂.
2.4.1 Summary
In this section we showed thatM(Pn, γm) can be realized as a bow variety and gave an explicit
identification for the case of reducible singular monopoles M̂. In order to do this, we used
Kronheimer’s correspondence to establish the isomorphism betweenM andMU(1)Kinst ∼=Mbow.
Then we used the semiclassical identification of the Coulomb branch (MC ∼=Mbow) of certain
3DN = 4 gauge theories with fundamental matter with M̂ to pinpoint the exact isomorphism
M̂ ∼= Mbow. The data of the singular monopole (G = SU(N), γ˜m, Pn, X∞) are realized in
each of these different realizations of M̂ as the following:
G = SU(N) γ˜m =
∑
I m
IHI Pn =
∑
I pIh
I X∞ = vIHI
M̂ G = SU(N) γ˜m {Pn} X∞
MC Gauge Group GI = U(m
I) U(pI) Gauge Coupling
G =
∏N−1
I=1 GI Fund. Hypermults. g
2
I = (v
I+1 − vI)−1
MU(1)Kinst
G = SU(N) c1(E) of Lift of U(1)K Asymptotic Holonomy:
Instanton Bundle Instanton Bundle
∮
S1∞
Aˆ
Mbow Number of Rank of Eζ Number of Asymptotic Holonomy:
points x ∈ Λ R(ζ) Edges e ∈ E ∮S1∞ Aˆ
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3 Reducible Singular Monopoles in String Theory
In this section we will study the brane configuration suggested in [6, 12] for describing re-
ducible monopoles. We will confirm that this configuration describes reducible ’t Hooft defects
in the gauge theory living on a stack of D3-branes by showing that the supersymmetric vacua is
exactly given by M̂ in analogy with [20, 21] for the case of instantons and smooth monopoles.
Then we will argue that this brane configuration can be used to study monopole bubbling
and show that it makes correct predictions for the geometry of M̂ and expectation value
of 〈L[P,0]〉. We will then show that in this setting, T-duality is equivalent to Kronheimer’s
correspondence.
3.1 Brane Configuration
Now we will describe the brane configuration for reducible ’t Hooft defects in a 4D N = 2
SU(N) SYM theory. Consider flat spacetime R1,9 = R1,3 × R6 with N D3-branes localized
at x5,6,7,8,9 = 0 and x4 = vI for vI ∈ R and I = 1, ..., N such that
vI < vI+1 ,
N∑
I=1
vI = 0 . (3.1)
The low energy effective world volume theory of these branes is that of 4D N = 4 U(N)
gauge theory. We then project to a 4D N = 2 SU(N) gauge theory with two real Higgs fields
X,Y by projecting out the center of mass degree of freedom and adding a sufficiently large
mass deformation as in [39, 45].
Now we can introduce a smooth monopole with charge HI by stretching a D1-brane
between the Ith and (I + 1)th D3-brane, localized at x5,6,7,8,9 = 0 and fixed location in
x1,2,3. For our purposes, we will consider the case of a general configuration with mI smooth
monopoles of charge HI at distinct fixed points in the x
1,2,3-directions. This is the standard
construction of smooth monopoles in SU(N) SYM theory as derived in [20] with
γm =
∑
I
mIHI , X∞ =
∑
I
(vI+1 − vI)HI . (3.2)
Now we will introduce ’t Hooft defects by adding k NS5-branes (indexed by σ = 1, ..., k)
localized at ~xσ = (x
1
σ, x
2
σ, x
3
σ) at distinct points between the I(σ)
th and (I(σ)+1)th D3-branes.
12 As argued in [12], these NS5-branes introduce minimal/reducible singular monopoles and
shifts the asymptotic magnetic charge so that the ’t Hooft and relative magnetic charges are
given by
Pn =
∑
σ : ~xσ=~xn
hI(σ) =
∑
I
p
(n)
I h
I , γ˜m =
∑
I
mIHI . (3.3)
See Figure 7.
12Here we index the NS5-branes by σ. To each NS5-brane we associate σ 7→ I(σ) to specify which pair of
D3-branes it is sitting between in the x4-direction.
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Figure 7. This figure shows the brane configuration of a single, reducible ’t Hooft defect with ’t Hooft
charge P =
∑
I pIh
I , relative magnetic charge γ˜m =
∑
I m
IHI , and Higgs vevX∞ =
∑
I(vI+1−vI)HI .
We should ask why we expect this configuration to give rise to ’t Hooft defects in the
D3-brane world volume theory. If this brane configuration gives rise to a ’t Hooft defect in
the world volume theory of the D3-branes, it must have the following minimal properties: 1.)
it sources a magnetic field in the world volume theory of the D3-brane at a fixed location,
2.) it does not introduce any new degrees of freedom in the low energy theory. This brane
configuration can be seen to reproduce these properties in the following manner.
As we know from [20], D1-branes ending on D3-branes source magnetic charge in the
world volume theory of the D3-branes. While our brane configuration does not have any
D1-branes connecting the NS5-branes to the D3-branes, it is Hanany-Witten dual to such a
configuration. This can be seen as follows.
Our brane configuration is the T-dual to a configuration consisting of D3/D5/NS5-branes
[11]. In this T-dual configuration, we can pull NS5-branes through an adjacent D5-brane by
performing a Hanany-Witten transition which creates or destroys D3-branes connecting the
D5-brane and NS5-brane in order to preserve the linking numbers 13
LNS5 = −(right)D5 + (left)D3 − (right)D3 ,
LD5 = (left)NS5 + (left)D3 − (right)D3 ,
(3.4)
where (left)NS5/D5, (right)NS5/D5 are the number of NS5/D5-branes to the left, right of the
given brane and (left)D3, (right)D3 are the number of D3-branes that end on the left, right
side of the given brane respectively[29].
Similarly, Hanany-Witten transitions can be realized in the D1/D3/NS5-brane system
by conjugating by T-duality. In this brane configuration, a Hanany-Witten transition occurs
when an NS5-brane crosses a D3-brane, changing the number of connecting D1-branes so as
13Here we use the convention of [51].
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to preserve the analogous linking numbers
LNS5 = −(right)D3 + (left)D1 − (right)D1 ,
LD3 = (left)NS5 + (left)D1 − (right)D1 .
(3.5)
Thus, by performing a sequence of Hanany-Witten transformations (for example sending
the NS5-branes to positions x4σ < v1), we can go to a dual frame in which there are D1-branes
connecting the NS5-branes to the D3-branes. In this dual configuration, it is clear that the
NS5-brane sources magnetic charge in the world volume theory of the D3-brane.
It is clear that in this dual Hanany-Witten frame the D3- and NS5-branes impose opposite
boundary conditions on the D1-brane. This will prevent the D1-brane from supporting any
massless degrees of freedom and hence this configuration will not introduce any new quantum
degrees of freedom in the low energy theory [29]. Additionally, since the NS5-brane is heavy
compared to all other branes in the system, this magnetic charge will be sourced at a fixed
location given by the position of the NS5-brane in the x1,2,3-directions. Therefore, this NS5-
brane configuration reproduces the “minimal” properties of a ’t Hooft operator in the world
volume theory of the D3-branes.
Remark One may be curious how the phase ζ ∈ U(1) of a ’t Hooft defect operator is
encoded in the geometry of this brane configuration. As shown in [5], this choice of phase is
equivalent to a choice of direction in the Rx4 + iRx5-plane in which to separate the D3-branes.
Thus, the requirement that mutually supersymmetric ’t Hooft defects have the same choice
of ζ is equivalent to the requirement that all NS5-branes are parallel to each other and are
perpendicular to the D1-branes in the x4,5-directions. This is clearly the requirement for
preserved supersymmetry.
Remark Note that this construction is fundamentally different from that of [29, 39] in
which singular monopoles are obtained by taking an infinite mass limit of smooth monopoles
– that is by sending a D3-brane with attached D1-branes off to infinity. As we will discuss,
the utility of this construction is that it is especially nice for studying monopole bubbling [6].
3.2 SUSY vacua
Now we will demonstrate that this brane configuration does indeed describe reducible singular
monopole configurations. We will take an approach similar to that of [20, 21] for the string
theory description of instantons and monopoles.
As shown in [20, 21], the string theory embedding of instantons is given by D0-branes
inside of D4-branes and the string theory embedding of smooth monopoles is given by D1-
branes stretched between D3-branes. In each case, this was justified by showing that the
vacuum equations for the world volume theory of the lower dimensional branes are given by
the ADHM equations or Nahm’s equations as appropriate. This tells us that the moduli
space of supersymmetric vacua for the D0/D4-brane system is given by the moduli space of
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instantons and that the moduli space of supersymmetric vacua for the D1/D3-brane system
is given by smooth monopole moduli space.
Similarly, in order for our brane configuration to describe reducible ’t Hooft defects in
a 4D N = 2 SU(N) gauge theory, the supersymmetric vacuum equations for the D1-branes
must be the same as Nahm’s equations for singular monopoles (2.19) and consequently the
moduli space of supersymmetric vacua must be given by reducible singular monopole moduli
space. In order to demonstrate this, we will now analyze the world volume theory of the
D1-branes. See [15, 17] for similar analysis of a T-dual configuration.
3.2.1 Low Energy Effective Theory
The low energy effective world volume theory of these branes will be a two-dimensional
N = (0, 4) quiver gauge theory with domain walls induced by the interactions with D3- and
NS5-branes. The D3-branes will give rise to fundamental walls, which introduce localized
fundamental hypermultiplets from D1-D3 strings, and the NS5-branes will give rise to bifun-
damental walls, which introduce localized bifundamental hypermultiplets from D1-D1 strings
as in [29].
We will consider the Hanany-Witten dual configuration in which D1-branes only end on
NS5-branes. 14 This brane configuration has p NS5-branes which we will index by σ. These
are localized at distinct points sσ in the x
4-direction and at points ~x
(σ)
i in the x
1,2,3-directions.
We then have mσ D1-branes (indexed by i = 1, ...,mσ) stretching between the NS5-branes
at sσ and sσ+1. Each interval is intersected by some number of D5-branes (indexed by
I = 1, ..., N) which lie at distinct points x4 = sI . See Figure 8. We will also use the notation
qσ to denote the number of D3-branes in between the σ
th and (σ + 1)th NS5-branes. This is
summarized in the table below:
0 1 2 3 4 5 6 7 8 9
Rt R3 S1 R5
Coordinates x0 ~x s ~y
D3 − − − − sI 0
mσ D1 − ~x (σ)i [sσ, sσ+1] 0
NS5 − ~νσ sσ − − − − −
For purposes which will become clear later, we will wrap the x4-direction on a circle so that
the D1-branes stretch along the circle direction but do not wrap all the way around. Thus,
we will identify σ ∼ σ + p where mσ=p = 0.
Here the data of the brane configuration maps to the 2D SUSY gauge theory as
14It was proven in in [6] that this frame exists if we satisfy
pI ≥ 2mI , pI =
∑
n
p
(n)
I , p
(n)
I =
∑
n
(HI , Pn) =
∑
σ : ~xσ=~xn
hJ(σ)=hI
1 , (3.6)
While this is not a necessary condition, it will make the following analysis easier when considering monopole
bubbling. For the rest of this paper we will specify to the case where this condition is satisfied.
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sσ=1
mσ=p-2
N-1
x4
x1,2,3
mσ=1 mσ=2 mσ=3 mσ=p-1
sσ=2 sσ=3 sσ=p-1 sσ=p
sσ=2<sI=1<sσ=1
Figure 8. This figure illustrates the Hanany-Witten frame of the brane configuration in which we are
studying the space of supersymmetric vacua of the wold volume theory of D1-branes. Here there are
mσ D1-branes (red) that end on the NS5-branes (⊗) at x4 = sσ, sσ+1 and the D3-branes (black) give
rise to fundamental domain walls at the intersection with D1-branes x4 = sI .
• Gauge group: G = ∏σ U(mσ) where each factor corresponds to an interval in the
x4-direction bounded by NS5-branes,
• Gauge coupling: g2σ = (sσ+1 − sσ)−1 ,
• FI-parameters in each interval are given by the ~νσ,
• The Higgs vevs for the U(mσ) factor is given by ~v (σ)∞ = diag(~x (σ)i ) up to a choice of
ordering.
The action of this gauge theory is of the form
S = Sbulk + SFI + Sf + Sbf (3.7)
where Sbulk is the bulk theory of the D1-branes, SFI are FI-deformations, Sf is the con-
tribution of fundamental walls (D3-branes), and Sbf is contribution of bifundamental walls
(NS5-branes).
This theory has N = (0, 4) SUSY. This can be seen by noting that the bulk theory of the
D1-branes with our truncation is described by a N = (4, 4) theory. The D3- and NS5-branes
then impose boundary conditions that break the supersymmetry to a N = (0, 4) theory. This
can be deduced by noting that the truncation breaks the R-symmetry of the D1-brane theory
from Spin(8)R → Spin(4)R ∼= SU(2)R,1 × SU(2)R,2 along the x1,2,3,5-directions. Then the
introduction of D3- and NS5-branes breaks Spin(4)R → Spin(3)R ∼= SU(2)R along the x1,2,3-
directions. Thus the total theory has N = (0, 4) SUSY. 15 See [47] for a review of N = (0, 4)
SUSY.
15Note that theories with N = (2, 2) SUSY have U(1)R,1 × U(1)R,2 symmetry whereas N = (0, 4) has
SU(2)R symmetry.
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Due to our truncation of the full string theory, the bulk theory of the D1-branes is
described by N = (4, 4) SYM theory which is given by dimensionally reduced 6D N = (1, 0)
SYM theory [10]. The bulk theory of the D1-branes is described by N = (4, 4) SYM theory.
This is composed of a N = (0, 2) vector-superfield V with superfield strength Σ, a Fermi
multiplet Ψ , and two chiral multiplets in the adjoint representation (Φ, Φ˜). Here the vector
and Fermi multiplets combine as a N = (0, 4) vector multiplet and the (Φ, Φ˜) combine into a
N = (0, 4) twisted hypermultiplet. These decompose into the component fields
V = (v0, vs, λ1, D) , Ψ = (λ2, F, EΨ (Φ)) ,
Φ = (φ1, ψ1, G1) , Φ˜ = (φ¯
2, ψ¯2, G¯2) ,
(3.8)
where λA, and φA are SU(2)R doublets and M
a = (Re[F ], Im[F ], D) forms a real SU(2)R
triplet. Here EΨ (Φ) is a holomorphic function of all chiral superfields of the theory which
receives the contribution EΨ = ...+ [Φ, Φ˜] from (Φ, Φ˜).
The bulk contribution of the action is given by
Sbulk =
1
8g2
∫
dt ds d2θTr
{
Σ¯Σ + Ψ¯Ψ + Φ¯(D−)Φ+ ¯˜Φ(D−)Φ˜
}
, (3.9)
where
D− = ∂0 − ∂1 − iV , (3.10)
and the superfields are written explicitly as in [47]
V = (v0 − v1)− iθ+λ¯1 − iθ¯+λ1 + θ+θ¯+D ,
Ψ = λ2 + θ
+F − iθ+θ¯+(D0 +D1)λ2 − θ¯+EΨ (φ) + θ+θ¯+∂EΨ
∂φi
ψi ,
Φ = φ1 + θ
+ψ1 − iθ+θ¯+(D0 +D1)φ ,
Φ˜ = φ¯2 + θ+ψ¯2 − iθ+θ¯+(D0 +D1)φ¯2 .
(3.11)
Under N = (4, 4) SUSY, these fields reorganize themselves into a single N = (4, 4)
vector-multiplet V = (v0, vs, Xi, χA, F,D) where the χA are a doublet of Dirac fermions and
Xi (for i = 1, 2, 3, 5) are real scalar bosons that encode the fluctuations of the D1-brane in
the xi direction. The SUSY transformations of these fields are given by [10]
δAµ = i¯Aγµχ
A − iχ¯AγµA ,
δXa = i¯A(σ
a)AB χ
B − χ¯A(σa)AB B , a = 1, 2, 3 ,
δX5 = χ¯Aγc
A − ¯AγcχA ,
δχA = γµνF
µνA − iγcγµADµX5 + γµ(σa)AB BDµXa +Ma(σa)AB B .
(3.12)
Here γµ are the gamma matrices for Dirac fermions in 2D with γc = iγ0γ1 and (σ
a)AB are the
Pauli matrices for SU(2)R,1 ⊂ Spin(4)R. See [10] for a review on 2D N = (4, 4) SYM
In order to determine the vacuum equations of this theory, we will need to eliminate the
auxiliary fields Ma, which are dependent on the interaction of the N = (0, 4) vector multiplet
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with all hypermultiplets in the theory. Here the N = (0, 4) (twisted) hypermultiplet in the
N = (4, 4) vector multiplet (Φ, Φ˜), has a non-trivial coupling to the F- and D-fields. As is
usual for hypermultiplets, this coupling is given by
δSbulk
δMa
= 2Ma + abc[Xb, Xc] . (3.13)
Now we will consider the contribution to the action SFI , which encodes the supersym-
metric FI-deformations to the theory. This is given by
SFI =
∫
dt ds Tr
{
ν3(s)
∫
d2θ V + ν¯(s)
∫
dθ+ Ψ + c.c.
}
, (3.14)
where ν(s) = ν1(s) + iν2(s) ∈ C are constant on the interval (sσ, sσ+1). These couple to the
F- and D-terms:
δSFI
δD
= ν3(s)1 ,
δSFI
δF
= ν(s)1 . (3.15)
Now consider the contribution to the action from the domain walls. The contribution
from the fundamental domain walls Sf , is given by fundamental N = (0, 4) hypermultiplets
restricted to the world volume of the domain walls. By nature of preserving the Spin(3)R
symmetry associated to the rotations of the x1,2,3-directions, this boundary theory preserves
the SU(2)R,1 R-symmetries. Take the N = (0, 4) hypermultiplet describing the Ith funda-
mental domain wall theory to be described by a doublet of fundamental chiral superfields
in conjugate gauge representations, (Q1I ,Q2I), with constituent bosonic fields (Q1I , J1I) and
(Q2I , J2I) respectively. These domain walls contribute the to the full action as
Sf =
1
2
N∑
I=1
∫
dt
∫
d2θ
(Q¯1IDtQ1I + Q¯2IDtQ2I) , (3.16)
where Dt = ∂0± iV as appropriate to the representation. These fields additionally contribute
to the E-term for the Fermi superfield Ψ as
EΨ = ...+
1
2
N∑
I=1
δ(s− sI)Q1IQ2I . (3.17)
These fields couple to the F- and D-terms as
δSf
δD
=
1
2
N∑
I=1
(Q¯2IQ2I −Q1IQ¯1I)δ(s− sI) , δSf
δF1
=
N∑
I=1
Q1IQ2Iδ(s− sI) , (3.18)
which have the effect of adding boundary terms to the supersymmetry transformations and
vacuum equations.
Similarly the contribution of bifundamental domain walls is that of N = (0, 4) bifun-
damental hypermultiplets on a domain wall preserving the same supersymmetry. This can
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be written in terms of two chiral superfields in conjugate representations (B1σ,B2σ) with
constituent bosonic fields (B1σ, L1σ) and (B2σ, L2σ). These are described by the action
Sbf =
1
2
p∑
σ=1
∫
dt Tr
∫
d2θ
(
B¯1σD˜tB1σ + B¯2σD˜tB2σ
)
, (3.19)
where D˜t = ∂t ± i
(
V (sRσ ) − V (sLσ )
)
as appropriate to the representation. Here we use the
notation Λ(sL,Rσ ) = lims→s±σ Λ(s) for any superfield Λ. These fields additionally contribute to
the E-term for the Fermi superfield Ψ as
EΨ = ...+
1
2
p∑
σ=1
B1σB2σδ(s− sRσ−1) + B2σB1σδ(s− sLσ ) . (3.20)
These couple to the F- and D-terms as
δSbf
δD
=
1
2
p∑
σ=1
(B¯1σB1σ −B2σB¯2σ − ν3σ)δ(s− sLσ )
+ (B1σB¯1σ − B¯2σB2σ + ν3σ)δ(s− sRσ−1) ,
δSbf
δF
=
p∑
σ=1
B1σB2σδ(s− sRσ−1) +B2σB1σδ(s− sLσ ) .
(3.21)
These also add boundary terms to the supersymmetry transformations and vacuum equations.
3.2.2 Vacuum Equations
Now we can determine the vacuum equations by examining the SUSY variations of the bulk
fields as in (3.12). Since the domain walls break SUSY to N = (0, 4), we only impose half
of supersymmetries of the bulk theory: those which preserve SU(2)R1 symmetry. These are
generated by
A = γµA . (3.22)
For these transformations, the bulk contributions from the FI-parameters can be absorbed
by making the shift
X3 7→ X3 −
∫ sσ+1
sσ
ds ν3(s) , X
1 + iX2 7→ X1 + iX2 −
∫ sσ+1
sσ
ds ν(s) , (3.23)
This transformation, as in [15, 17], shifts the bulk dependence of the FI-parameters to bound-
ary dependence at the bifundamental domain walls where the FI-parameter is discontinuous.
By choosing the axial gauge A0 = 0, the stationary vacuum equations become
(σa)AB
B (D1Xa +Ma) = 0 . (3.24)
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By integrating out the auxiliary fields we see that this reduces to a triplet of equations which
can be written as a real and complex equation:
0 = D1X3 +
i
2
[X, X¯] +
1
2
N∑
I=1
(Q¯2IQ2I −Q1IQ¯1I)δ(s− sI)
+
1
2
p∑
σ=1
(B¯1σB1σ −B2σB¯2σ − νσ3 )δ(s− sLσ ) + (B1σB¯1σ − B¯2σB2σ + νσ−13 )δ(s− sRσ−1) ,
0 = D1X + i[X3, X]−
N∑
I=1
Q1IQ2Iδ(s− sI)
+
p∑
σ=1
(B1σB2σ − νσ)δ(s− sLσ ) + (B2σB1σ − νσ)δ(s− sRσ−1) ,
(3.25)
where X = X1 + iX2. These are the complex Nahm’s equations with boundary terms for
singular monopoles.
Under the identifications
Ta = Xa , Ix = Q1I , Jx = Q2I ,
~νe = ~νσ , B
LR
e = B1σ , B
RL
e = B2σ ,
(3.26)
it is clear that these SUSY vacuum equations (3.25) are identical to the Nahm’s equations for
the bow construction (2.20). Therefore, we can identify the moduli space of supersymmetric
vacua Mvac with a moduli space of instantons on multi-Taub-NUT Mbow.
Now by studying the identification (3.26), we can determine the data of the corresponding
bow variety. The ranks R(ζ) can be read off from the ranks of the {Xa} = {Ta} which
correspond to the ranks of the gauge group of the 2D theory in the different chambers.
Further, we can identify the fundamental walls with x ∈ Λ and similarly the bifundamental
walls with e ∈ E . Therefore, the number of fundamental walls correspond to the rank of
the 4D gauge group and the number of bifundamental walls correspond to the number of
Taub-NUT centers. In this identification, the FI parameters are mapped to the position of
the positions of the NUT centers which corresponds to the positions of the NS5-branes in the
x1,2,3-directions.
In summary, we can match the data of the brane configuration to that of instantons on
multi-Taub-NUT by specifying
(E , Λ, I, {~νe}, {R(ζ)}). This identification is given by
• The number of edges, |E| = p, with the number NUT centers on multi-Taub-NUT:
p =
∑
I,n p
(n)
I where p
(n)
I = |{e(I)σ ∈ E | ~ν (I,σ) = ~xn}|,
• The total number of marked points, |Λ| = N , with (one plus) the rank of the gauge
group G: SU(N),
• The numbers R(ζ(i)σ ) = mσ with the Chern classes of the instanton bundle (note that
one of the R(ζ
(i)
p ) = 0),
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• The hyperka¨hler moment parameters ~νσ = (ν(σ)1 , ν(σ)2 , ν(σ)3 ) with the positions of the
different NUT centers: ~xσ,
• The holonomy of the gauge field exp
{
1
2pi
∮
S1∞
A
}
= exp
{
X∞
2piR′
}
, where R is the radius
of the S1 at infinity and R′ = 1/R.
Note that this is simply the bow variety specified by identifying marked points xI with
D3-branes, edges eσ with NS5-branes, and the wavy lines ζ
(i)
σ (i = 1, ..., 1+qσ) with D1-branes.
Further, the positions of the NS5-branes in the x1,2,3-directions are identified with the FI pa-
rameters ~νσ = ~xσ and the numbers of D1-branes {mσ}, are identified as R(ζ(i)σ ) = mσ. Thus,
in this setting, Hanany-Witten isomorphisms are literally Hanany-Witten transformations of
the brane configuration.
Therefore, since the brane configuration of Figure 8 is Hanany-Witten dual to that of
Figure 7, the bow variety describing the moduli space of supersymmetric vacua of the brane
configuration of Figure 8 is isomorphic to the one described in 2.4. This is exactly the bow
variety describing reducible singular monopole moduli space. Consequently, the moduli space
of supersymmetric vacua of this brane configuration is given exactly by reducible singular
monopole moduli space with the the data
Pn =
∑
I
p
(n)
I h
I , γ˜m =
∑
I
mIHI , (3.27)
where the Higgs vev is defined by the holonomy
exp
{
1
2pi
∮
S1∞
A
}
= exp
{
X∞
2piR′
}
, (3.28)
where R′ = 1/R is the dual radius of S1∞.
3.3 Monopole Bubbling
Thus far we have presented analysis that shows that the moduli space of supersymmetric vacua
of the brane configuration matches that of the moduli space of reducible singular monopoles.
However, since there is very little known about monopole bubbling, it is difficult to see that
this analysis extends to include bubbling configurations.
In this setup, monopole bubbling occurs when a D1-brane becomes spatially coincident
with and intersects an NS5-brane. One may be worried that this intersection with NS5-branes
may indicate that this brane description breaks down for bubbling configurations. However,
there are several reasons that suggest the opposite. First, the bubbling locus reproduces
the correct effect on the bulk dynamics. Specifically, as argued in [6], one can adapt the
computation from [16] to show that the ’t Hooft charge is appropriately screened during
monopole bubbling.
Additionally, although bubbling involves an intersection of a D1-brane with an NS5-
brane, the bubbling configurations are actually non-singular. Specifically, we can go to the
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1 2 3 N-1 N
NS5
D3 D3 D3 D3 D3
Figure 9. This figure describes a Hanany-Witten dual frame of the brane configuration in which
monopole bubbling appears to be a singular process. In this figure we can see that bubbling of
the finite D1-branes (blue) occur when they become spatially coincident with the NS5-brane (and
associated D1-branes in red) in the x1,2,3-directions. Here, one can see that in this frame, bubbling is
non-singular as it corresponds to at most coincident D1-branes.
Hanany-Witten frame in which all of the NS5-branes are localized at distinct x4σ < v1. In this
case, bubbling D1-branes will at most make them coincident with another D1-brane created
by pulling NS5-branes through a D3-brane. See Figure 9. Further, notice that in studying the
supersymmetric vacua, there is no obstruction to describing the singular locus of monopole
moduli space. Therefore, it is not unreasonable to conjecture that this brane configuration
gives a good description for monopole bubbling.
In fact, this brane configuration has actually been shown to reproduce some key data of
singular monopole moduli spaces. In [6] it is shown that this brane configuration reproduces
the structure of the bubbling locus (2.15) of reducible singular monopole moduli space M̂
[43]. This can be seen as follows.
Consider the case of the N = 2 SU(2) SYM theory. This can be described by the above
brane configuration as explained above by adding a large mass deformation. Now consider
adding a reducible ’t Hooft defect localized at the origin with charge
P = p1h
1 , (3.29)
where there are k1 ≤ m1 bubbled D1-branes such that 2k1 ≤ p1. Now to study monopole
bubbling, consider only the bubbled D1-branes in addition to the D3- and NS5-branes. We
can now perform a sequence of Hanany-Witten moves to go to the dual magnetic frame in
which D1-branes only end on NS5-banes. 16 See Figure 10.
16Note that this exists because 2k1 ≤ p1. See [6] for a proof.
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1 2 3 2 1
-v1
x1,2,3
x4
v1 v1-v1
(a) (b)
m1-k1
Figure 10. This figure shows the two Hanany-Witten frames of our brane configuration that we are
considering: (a) the standard frame and (b) the Hanany-Witten “dual magnetic” frame (with the
unbubbled monopoles removed).
Now the D1-brane world volume theory is given by a quiver SQM described by the quiver
Γ (P, v):
1 2 3 k1-1 k1 k1 k1-1 3 2 1
1 1
where the node of degree k1 is repeated p1− 2k1 + 1-times. This SQM has a moduli space of
supersymmetric vacua given by MSQM (Γ (P, v)). Thus, this brane configuration shows that
there is a SQM of bubbled monopoles living on the world line of the ’t Hooft defect which
indicates how the singular strata in (2.15) are glued into the full moduli space. Specifically,
the moduli space of supersymmetric vacua of this 1D quiver SQM MSQM (Γ (P, v)) defines
the transversal slice of each singular strata M(P, v) in (2.15).
Additionally, this construction has also been shown to reproduce exact quantum infor-
mation about monopole bubbling by using localization. Recall that from general field theory
considerations [31], the expectation value of a ’t Hooft operator is of the form
〈L[P,0]〉 =
∑
|v|≤|P |
e2pii(v,b)Z1−loop(P, v)Zmono(P, v) , (3.30)
where Zmono(P, v) is a contribution from monopole bubbling. This has been computed for
several key examples by using exact techniques such as AGT [31]. The main result of [6], is
that in the case of the SU(N) N = 2∗ theory (and hence for SU(N) N = 2 SYM theory), the
monopole bubbling contribution is exactly given by the Witten index of the bubbling SQM
derived from this brane configuration:
Zmono(P, v) = IW (SQMΓ (P,v)) . (3.31)
This provides a powerful verification that this brane configuration can be used to study
monopole bubbling more generally. Further, this also suggests that monopole bubbling is
itself a semiclassical effect.
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3.4 Kronheimer’s Correspondence and T-Duality
Now we will study the relationship between Kronheimer’s correspondence and T-duality.
Consider a general reducible singular monopole configuration with p ≥ 2 ’t Hooft defects in
N = 2 SU(N) SYM theory subject to the constraint (3.6). Now “resolve” the configuration
by pulling apart all of the defects into minimal ’t Hooft defects.
By Kronheimer’s correspondence this is dual to U(1)K-invariant instantons on Taub-
NUT where the lift of the U(1)K action to the gauge bundle around any NUT center is given
by
α 7→ eihI(σ)α , α ∈ U(1)K , hI(σ) ∈ Λcochar , (3.32)
where Pσ = h
I(σ). Further, the first Chern class of the gauge bundle is given by
γ˜m =
∑
I
mIHI , (3.33)
and the Higgs vev is given in terms of the holonomy of the gauge field around the circle at
infinity17
exp
{
1
2pi
∮
S1∞
Aˆ
}
= exp
{
X∞
2piR′
}
, (3.34)
where R′ = 1/R is the dual radius of S1∞.
Let us embed this gauge theory configuration in the world volume theory of D4-branes
wrapping TNp. By T-dualizing along the circle fiber of TNp, the theory will be described as
the world volume theory of D3-branes in the presence of D1- and NS5-branes. Then by taking
the coincident limit (that is reconstructing the reducible monopoles), this will exactly produce
the brane configuration for reducible singular monopoles. However, before proceeding with
the technical details of this calculation, we will first motivate this result.
3.4.1 Action of T-Duality on Fields
Let us consider the action of T-duality on gauge field configuration describing a U(1)K-
invariant instanton on TNp in the 4D N = 2 SYM theory. As before, near each NUT center,
the gauge field can be written in the U(1)K-invariant gauge
Aˆ = AR3 + ψ(dξ + ω) , (3.35)
where
lim
~x→~xσ
AR3 = Pσ ω~xσ , lim
~x→~xσ
ψ = −Pσ . (3.36)
Again we will use the notation
ds2 = V (~x)d~x · d~x+ V −1(~x)(dξ + ω)2 , (3.37)
17 Here this equation is only strictly true if we take X∞ to be a periodic scalar field, which in decompactifying
the T-dual S1 → R we allow to be a t-valued scalar.
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where
V (~x) = 1 +
∑
σ
1
2|~x− ~xσ| , dω = ∗3dV , dω~xσ = ∗3d
(
1
2|~x− ~xσ|
)
. (3.38)
In T-dualizing, Buscher duality tells us that the term V −1(~x)(dξ+ω)2 in the metric generates
a non-trivial B-field source at the positions of the NUT centers. This indicates the existence of
NS5-branes in the transverse space at the position of the NUT centers in the x1,2,3-directions.
Additionally, since the S1 fiber has radius 1/
√
V , under T-duality, the one form roughly
transforms as
ψ(~x)dξ = ψ(~x)
√
V
(
dξ√
V
)
7→ ψ(~x)V dξ′ = Xdξ′ . (3.39)
This leads to the standard Higgs field X and connection AR3 which together satisfy the
Bogomolny equations. Additionally, using the limiting forms of (AR3 , ψ) in (3.36) and the
form of the harmonic function (3.38), we can see that these fields have the limiting form
lim
~x→~xσ
AR3 = Pσω , lim
~x→~xσ
V (~x)ψ(~x) = − Pσ
2|~x− ~xσ| , (3.40)
which is exactly the ’t Hooft boundary conditions at ~xσ. Therefore, from the field perspective,
it clear that T-duality maps U(1)K-invariant instanton configurations on TNp to singular
monopole configurations on R3.
Note that the other bosonic fields of the four-dimensional theory A0, Y (where ζ
−1Φ =
Y + iX is the standard complex Higgs field) come from the five-dimensional gauge field along
the x0-direction and the 5D Higgs field describing the D4-branes in the x5-direction18 and
hence do not play a role in T-duality.
3.4.2 String Theory Analysis
As described in [51], instantons in the world volume theory of a stack of D4-branes wrapping
TNp are T-dual to a brane configuration described by D1-, D3-, and NS5-branes. Here we
will use this analysis to show that the brane configuration of D1/D3/NS5-branes proposed
above is T-dual to the corresponding U(1)K-invariant instanton configuration on TNp given
by Kronheimer’s correspondence [35].
Consider our brane configuration in the magnetic Hanany-Witten duality frame where
D1-branes only end on NS5-branes as in Figure 8. 19 In this case we have p NS5-branes
which we will index by σ with mσ D1-branes running from the σ
th to the (σ+1)th NS5-brane
and qσ D3-branes in between the σ
th and (σ + 1)th NS5-branes. Now consider wrapping
the x4-direction on a circle. T-duality along the x4-direction then maps the collection of p
NS5-branes into a transverse TNp [28, 44], the stack of D3-branes to a stack of D4-branes
18Note that we are truncating the standard 5D N = 2 SYM theory to a N = 1 theory by projecting out
fluctuations in the x6,7,8,9-directions in analogy with before.
19Recall that we are imposing the condition (3.6) so that there exists a magnetic Hanany-Witten duality
frame.
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wrapping the TNp, and the D1-branes to some instanton configuration of the gauge bundle
living on the D4-branes.
In order to specify the T-dual brane configuration we need to specify how the numbers
and positions of the branes are encoded in the instanton brane configuration. The number
and positions of the NS5-branes are encoded in the B-field of the T-dual configuration. Since
the NS5-branes are charged under the B-field, T-dualizing them give rise to a NUT center
due to Buscher duality at the previous location of the NS5-brane in the x1,2,3-directions. This
means that the relative positions of the NS5-branes on the T-duality circle is encoded by the
cohomology class of the B-field. 20 This can be measured by its period integrals
θσ − θσ′ =
∫
Cσσ′
B
2pi
, (3.41)
where θσ is the position of the σ
th NS5-brane along the x4-direction [28, 44]. Here we have
identified the homology cycles Cσσ′ as follows. Given an ordering of the NS5-branes, there is a
natural basis of H2(TNp;Z) given by {Cσσ+1} where Cσσ+1 is defined as the preimage under
the projection map pi : TNp → R3 of the line running between the NUT centers corresponding
to the NS5σ-brane and NS5σ+1-brane in the base R3. Here we identify σ ∼ σ + p. We then
define Cσσ′ as the homology cycle
Cσσ′ =
σ′−1∑
ρ=σ
Cρρ+1 , (3.42)
where we have assumed σ > σ′. This is topologically equivalent to the cycle defined by the
preimage of the line running between the NUT centers corresponding to the NS5σ-brane and
the NS5σ′-branes.
The rest of the data of the brane configuration is encoded in the gauge bundle through the
instanton configuration [51]. In order to specify the class of the instanton bundle of the T-dual
brane configuration, one must specify first and second Chern classes and the holonomy. 21 The
first Chern class is valued in H2cpt(TNp;Z). These elements can be understood in the following
fashion. H2cpt(TNp;Z) is naturally isomorphic to H2(TNp;Z) by Poincare´ duality. Using the
basis of H2(TNp;Z) above, we can identify the homology cycles Cσσ+1 with basis elements
bσσ+1 of H
2
cpt(TNp;Z). Using this, we can identify a sequence of p numbers, {fσ : σ = 1, ..., p}
to an element of H2cpt(TNp;Z) as
B =
σ∑
(fσ+1 − fσ) bσσ+1 . (3.43)
In this setup, [51] determined that the first Chern class of the instanton bundle is given
by the corresponding element of H2cpt(TNp;Z) determined by the sequence of p numbers given
by the linking numbers of the p NS5-branes: {`σ : σ = 1, ..., p} where
`σ = mσ −mσ−1 + qσ . (3.44)
20Note that this is the relative positions as the absolute positions along the T-duality S1 is a gauge dependent.
21That is to say, we specify the data of the relevant instanton moduli space. See [51] for more details.
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In [51], the author also computed the 2nd Chern character of the instanton bundle V → TNp∫
ch2(V ) = m0 , (3.45)
where m0 is the number of D1-branes running between the NS5p-brane and the NS51-brane
(recall that the NS5-branes are separated along a circle). In our case, we have m0 = 0.
In order to completely specify the instanton bundle, we also need to specify the holonomy
of the gauge connection. In the 5D gauge theory, the monodromy along the S1 fiber at infinity
encodes the positions of the D3-branes:
U∞ = diag (exp(is1/R), exp(is2/R), ..., exp(isN/R)) . (3.46)
Given this data of the instanton bundle and B-field configuration, we can completely deter-
mine the T-dual brane configuration of D1/D3/NS5-branes. Now by taking the coincident
limit of the appropriate NUT centers, we arrive at the T-dual brane configuration for reducible
’t Hooft defects
In order to complete this discussion, we need to understand the action of U(1)K on the
T-dual instanton configuration. Since the D1/D3/NS5-brane configuration is related to the
instantons on Taub-NUT by T-duality, the U(1)K-action in the singular monopole brane con-
figuration acts as a non-trivial abelian gauge transformation in the x4-direction. However,
since the branes do not wrap all the way around the x4-direction, any such gauge transfor-
mation can be undone by a trivial gauge transformation. Therefore, this brane configuration
will be dual to a U(1)K-invariant instanton configuration on TNp.
3.4.3 T-duality and Line Bundles
We will now show explicitly that T-duality exchanges singular monopole configurations with
the U(1)K-invariant instanton solution given by Kronheimer’s correspondence. Consider the
case of reducible ’t Hooft defects at ~xσ for σ = 1, ..., p =
∑
n,I p
(n)
I in a SU(N) N = 2 theory
with far separated smooth monopoles at positions ~xi ∈ R3 where i = 1, ...,
∑
I m
I . This is
T-dual to a gauge theory on multi-Taub-NUT with p NUT centers located at {~xσ}pσ=1 and
U(1)K invariant instantons that are far separated at positions {~xi}. Due to the holonomy
of the gauge bundle, the Chan-Paton bundle asymptotically22 splits as a direct sum of line
bundles
T =
N⊕
I=1
RI . (3.47)
These line bundles can be decomposed as a tensor product of line bundles that are each
individually gauge equivalent to a canonical set of line bundles which can be defined as
follows.
22Here by asymptotically we mean at distances sufficiently far from any instantons. Specifically, are interested
in the behavior at infinity and arbitrarily close to the NUT centers. This can be seen from the perspective of
singular monopole configurations because the gauge symmetry is broken at infinity by the Higgs vev and at
the ’t Hooft defects by their non-trivial boundary conditions [32].
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Choose the NUT center at position ~xσ. Now choose a line Lσ from ~xσ to ∞ which does
not intersect any other NUT centers. Define Cσ = pi
−1(Lσ) to be the preimage of this line.
To this infinite cigar we can identify a complex line bundle with connections
Λ~xσ = −
dξ + ω
2|~x− ~xσ|V (~x) +
1
2
ω~xσ , dω~xσ = ∗3d
(
1
|~x− ~xσ|
)
. (3.48)
This family of line bundles can be extended to include connections associated to arbitrary
points ~xi 6= ~xσ
Λ~xi = −
dξ + ω
2|~x− ~xi|V (~x) +
1
2
ω~xi , dω~xi = ∗3d
(
1
|~x− ~xi|
)
. (3.49)
As shown in [51], these line bundles transform under a B-field gauge transformation as
T 7→ T ⊗ LΛ , B 7→ B + dΛ , (3.50)
where LΛ is the line bundle with connection given by Λ.
These connections have the property that∫
Cσ
dΛ~xρ
2pi
= Cσρ , (3.51)
where Cσρ is the Cartan matrix of Ap−1.
We can additionally define the topologically trivial line bundle
L∗ =
k⊗
σ=1
L~xσ , (3.52)
where L~xσ is a line bundle with connection which is gauge equivalent to Λ~xσ as above. This
line bundle is topologically trivial because its periods are trivial due to the properties of the
Cartan matrix.
Since this is a topologically trivial line bundle,23 we can also define Lt∗ with connection
Λ
(t)
∗ = t
p∑
σ=1
Λ~xσ = t
dξ + ω
V (x)
, t ∈ R/2piZ . (3.53)
These connections have the limiting forms
lim
~r→~xi
Λ∗ → 0 , lim
~r→~xi
Λ~xi → −
1
2
ω~xi , lim
~x→~xσ
Λ~xσ → −
1
2
ω~xσ ,
lim
~r→∞
Λ∗ → (dψ + ω) , lim
~r→∞
Λ~xi →
1
2
ω , lim
~r→∞
Λ~xσ → −
1
2
ω ,
(3.54)
where all other limits are finite. Here ω~xi is the Dirac potential centered at ~xi. This tells us
that Λ
(t)
∗ has non-trivial holonomy along the asymptotic circle fiber∮
S1∞
Λ
(t)
∗ = 2pit , t ∼ t+ 1 . (3.55)
23This is trivial in the sense that the canonical pairing of the curvature with any closed 2-cycle is trivial.
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Therefore, this component of the Chan-Paton bundle describes the Higgs vev X∞ of the T-
dual brane configuration (4.5). Additionally, these asymptotic forms tell us that Λ~xi is an
asymptotically flat connection except near ~xi ∈ R3 where it can be smoothly continued in
exchange for inducing a source for the first Chern class.
Using this, the factors of the Chan-Paton (gauge) bundle of the T-dual brane configura-
tion are given by
RI = LsI/2piR∗
⊗
σ : I(σ)=I
L−1~xσ
⊗
j : I(j)=I
L~xj
⊗
k : I(k)=I+1
L−1~xk , (3.56)
where here the j = 1, ..,mI and k = 1, ...,mI+1 index smooth monopoles with magnetic
charge HI and HI+1 respectively where m
N = m0 = 0. Note that this reproduces the
expression (3.46) where again sI is the position of the i
th D3-brane along the the x4 circle
before decompactifying.
This decomposition is non-trivial and can be deduced by studying Hanany-Witten trans-
formations. Consider the brane configuration where there is a single D3-brane localized at
s = 0 in the x4 circle with p NS5-branes at distinct, non-zero positions {s = yσ 6= 0} along the
x4 circle direction. We can choose a background B-field such that the Chan-Paton bundle of
the D3-brane is trivial. Now move the D3-brane around the circle in the clockwise direction.
Before the D3-brane intersects an NS5-brane, the Chan-Paton bundle is of the form
R = Ls/2piR∗ . (3.57)
As shown in [51], when the D3-brane intersects an NS5-brane at s = yσ, the Chan-Paton
bundle can jump by a factor of L−1~xσ . This reflects the fact that the Hanany-Witten transition
creates a D1-brane which ends on the D3-brane (thus inducing the factor of L−1~xσ ). Thus by
moving the D3-brane to any point around the circle, the Chan-Paton bundle is of the form
R = Ls/2piR∗
⊗
σ : yσ<s
L−1~xσ . (3.58)
Note that when the D3-brane moves around the entire circle, the Chan-Paton bundle is again
trivial because the s→ s+ 2piR is canceled by the overall factor of ⊗σ L−1~xσ = L∗. Therefore,
each D1-brane that ends on a D3-brane contributes a factor of (L~xσ)±1 to its Chan-Paton
bundle depending on orientation. This decomposition allows us to determine the cohomology
classes of the line bundles in the asymptotic decomposition of the Chan-Paton/gauge bundle,
thus giving the result (3.56).
This form of the Chan-Paton bundle corresponds to an instanton configuration with
connection that is asymptotically of the form
Aˆ = diag(Λ1, ..., ΛN ) , (3.59)
where
ΛI = Λ
(sI/2piR)∗ +
∑
σ : I(σ)=I
Λ~xσ −
∑
j : I(j)=I
Λ~xj +
∑
j : I(j)=I+1
Λ~xj , (3.60)
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up to gauge equivalence. Because the connections are hyperholomorphic, this connection
indeed describes an instanton configuration.
Now we can take the coincident limit of appropriate NUT centers to recover the T-brane
configuration for reducible ’t Hooft defects. Using the asymptotic forms of the individual
connections, we see that the connection Aˆ has the limiting form exactly given by
Aˆ = A+ ψ(x)(dξ + ω) , (3.61)
such that
dA = ∗3d
(
V ψ
)
, lim
~x→~xσ
V (x)ψ(x) = − Pσ
2|~x− ~xσ| , limr→∞V (x)ψ(x) = X∞ −
γm
2r
, (3.62)
to leading order. 24 This is an exact match with Kronheimer’s correspondence [35]. Therefore,
Kronheimer’s correspondence for our brane configurations acts as T-duality.
4 Irreducible Monopoles
Now by using the fact that Kronheimer’s correspondence is equivalent to T-duality in the
previous section, we can try to generalize this picture to include a description of non-minimal
irreducible ’t Hooft defects. 25 The idea will be to first describe irreducible singular monopoles
as U(1)K-invariant instantons on Taub-NUT through Kronheimer’s correspondence, embed
it into string theory as in the previous section, and then T-dualize to arrive at a brane
configuration describing singular monopoles in R3.
We expect this to work a priori because the field theoretic arguments we made before
in Section 3.4.1 made no reference to whether the ’t Hooft defect in question was reducible
or irreducible. Thus we expect that T-duality will map U(1)K-invariant instantons with
U(1)K-lift defined by P ∈ Λcochar to singular monopole configurations with ’t Hooft charge
P . Further, by nature of T-duality, the moduli spaces of supersymmetric vacua of these two
brane configurations will be equivalent.
However, we expect this to produce a different brane configuration because U(1)K-
invariant instantons on multi-Taub-NUT can differentiate between irreducible and reducible
’t Hooft defects by comparing the U(1)K action and the NUT charge. The NUT charge is
defined as the Hopf charge of the TNp
∣∣
S2σ,
→ S2σ, over an infinitesimal 2-sphere of radius 
around a NUT center at ~xσ which can additionally be determined by the coefficient of the
term 12|~x−~xσ | in the harmonic function of the metric. Note that this changes as we take the
limit as ~xσ′ → ~xσ as in the case of reducible ’t Hooft defects.
Now using the framework we established in the previous section to explicitly construct of
the Chan-Paton bundle, we can easily control the lift of the U(1)K action and NUT charge
24 Note that we had to take the decompactification limit as described in Footnote 17 which requires scaling
the sI with R
′ = 1/R→∞.
25Here we mean ’t Hooft defects associated to a ’t Hooft charge P ∈ Λcochar which are S-dual to a Wilson
line of irreducible representation of highest weight P ∈ Λwt(G∨).
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Figure 11. In this figure we show how to construct the string theory embedding of a SU(N) irreducible
’t Hooft operator of charge P =
∑
I nIh
I .
separately. This will allow us to give a complete description of the instanton configuration
and its T-dual brane configuration for the case of generic NUT charge and U(1)K-action.
In summary, we will find that in a particular Hanany-Witten frame, an irreducible sin-
gular SU(N) monopole at ~xn ∈ R3 with ’t Hooft charge
P =
∑
I
pIh
I , (4.1)
will be given by a single NS5-brane connected to the (I + 1)th D3-brane in a stack of N
D3-branes by pI D1-branes. See Figure 11.
4.1 SU(2) Irreducible ’t Hooft Defects
First we will carry out our program for the case of SU(2) irreducible ’t Hooft defects. Then we
will generalize to the case of generic SU(N) theories. Consider the case of a single irreducible
singular monopole at the origin in an SU(2) N = 2 SYM theory with ’t Hooft charge, relative
magnetic charge, and Higgs vev,
P = p h1 , γ˜m = mH1 , X∞ = vH1 . (4.2)
By Kronheimer’s correspondence this is dual to U(1)K-invariant instantons on Taub-NUT
where the lift of the U(1)K action to the gauge bundle is given by
α 7→ ei p h1α , α ∈ U(1)K , (4.3)
the first Chern class of the instanton bundle is given by (mH1 − ph1), and the Higgs vev is
given in terms of the holonomy of the gauge field around the circle at infinity
exp
{
1
2pi
∮
S1∞
Aˆ
}
= exp
{
X∞
2piR′
}
, (4.4)
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where R′ = 1/R is the dual radius of S1∞. As in Section 2.3 we can locally write the connection
Aˆ as
Aˆ = A+ ψ(x)(dξ + ω) , (4.5)
such that
dA = ∗3d
(
V ψ
)
, lim
r→0
V (x)ψ(x) = − P
2r
, lim
r→∞V (x)ψ(x) = X∞ −
γm
2r
. (4.6)
Again, consider embedding this configuration of U(1)K-invariant instantons into string
theory by wrapping a pair of D4-branes on Taub-NUT in the x1,2,3,4-directions (localized at
x5,6,7,8,9 = 0) with fractional D0-branes. As in the previous section we will want to T-dualize
the S1 fiber of Taub-NUT.
As before consider the Chan-Paton bundle of the D4-branes. Due to the non-trivial
holonomy, this splits asymptotically as a direct sum of of line bundles
R = R1 ⊕R2 . (4.7)
Now since we are describing instanton backgrounds in the D4-brane world volume theory along
the Taub-NUT direction, the connection of these line bundles should be hyperholomorphic
(a (1,1)-form in any complex structure).
As before, on Taub-NUT there are two families of U(1)K-invariant hyperholomorphic
connections
Λ∗ =
dξ + ω
V (x)
, Λ~xi = −
dξ + ω
2|~x− ~xi|V (x) +
1
2
ωi , (4.8)
where ωi is the Dirac potential centered at ~xi which solves
dωi = ∗3d
(
1
2|~x− ~xi|
)
. (4.9)
Again we can define a line bundle with connection Λs∗ = sΛ∗ which is asymptotically flat and
has non-trivial holonomy at infinity
e
i
∮
S1∞ Λ
s∗ = e2piis , (4.10)
while Λ~xi sources a non-trivial first Chern class centered around ~xi.
Now since there is a nontrivial Higgs vev X∞, the connection Aˆ has nontrivial holonomy
and hence asymptotically decomposes into two connections Aˆi on the Ri factors of the Chan-
Paton bundle respectively. This can be written
Aˆa =
{
A+ ψ(x)(dξ + ω) a = 1
−A− ψ(x)(dξ + ω) a = 2
(4.11)
such that
dA = ∗3d
(
V ψ
)
, lim
r→0
V (x)ψ(x) = − p
4r
, lim
r→∞V (x)ψ(x) = v −
m
2r
. (4.12)
– 41 –
pFigure 12. This figure shows the brane configuration for a reducible SU(2) ’t Hooft defect with
charge P = p h1.
Using this, we can write down the connections Aˆa in terms of the Λ~xi , Λ∗ as
Aˆ1 = s1Λ∗ − pΛ0 +
∑
i
Λ~xi , Aˆ2 = s2Λ∗ −
∑
i
Λ~xi , (4.13)
in a certain choice of gauge where s1 − s2 = v2piR . This gives rise to the decomposition of the
Chan-Paton bundles as
R1 = Ls1∗ ⊗ Lp0
m⊗
i=1
L−1~xi , R1 = Ls2∗
m⊗
i=1
L~xi , (4.14)
where as before Ls∗ is the line bundle with connection sΛ∗, L~xi is the line bundle with con-
nection that is gauge equivalent to Λ~xi , and we have taken the positions of the monopoles to
be at {~xi}. Here we used the fact that flat gauge transformations of the B-field, B → B+dΛ
act on the Chan-Paton bundle as [51]
R 7→ R⊗ LΛ , (4.15)
to make a choice of gauge such that 0 < s1 < s2 < 2pi and L0 only appears in R1 with integer
power.
Now we wish to T-dualize this configuration along the S1 fiber of Taub-NUT. Following
the identification from the previous section [51], we can see that this configuration will be
T-dual to the brane configuration in Figure 12. This brane configuration is described by a
pair of D3-branes localized at x5,6,7,8,9 = 0 and at definite values of x41, x
4
2 > 0 so that ∆x
4 = v
with an NS5-brane localized at x4 = 0 and ~x = 0 and a definite value of x4. There are then
m D1-branes running between the D3-branes localized at positions ~xn ∈ R3 and p D1-branes
connecting the NS5- and the D31-brane. These D1-branes emanating from the NS5-brane and
ending on the D3-brane source a local magnetic charge which we identify with the ’t Hooft
defect. We will describe the ’t Hooft charge P as specified by this configuration shortly.
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4.2 SU(N) Irreducible Monopoles
This story has a clear and straightforward generalization to the case of irreducible singular
monopoles in an SU(N) theory. Consider a single irreducible irreducible monopole configu-
ration with ’t Hooft charge, relative magnetic charge, and Higgs vev
P =
∑
I
pIh
I , γ˜m =
∑
I
mIHI , X∞ =
∑
I
vIHI . (4.16)
By Kronheimer’s correspondence, this can be described by U(1)K-invariant instantons on
Taub-NUT where the lift of the U(1)K action to the gauge bundle is given by
α 7→ eiPα , α ∈ U(1)K , (4.17)
the first Chern class is given by γm = γ˜m−P−. Again the holonomy of the gauge field around
the S1 fiber at infinity is dictated by the Higgs vev
exp
{
1
2pi
∮
S1∞
Aˆ
}
= exp
{
X∞
2piR′
}
, (4.18)
where R′ = 1/R is the radius of S1∞. Now embed this configuration into string theory by
wrapping N D4-branes on Taub-NUT along the x1,2,3,4 directions (that is they are localized
at x5,6,7,8,9 = 0) with fractional D0-branes.
Now the Chan-Paton bundle of the D4-branes is a rank N bundle which asymptotically
splits as the direct sum of line bundles:
R =
N⊕
I=1
RI . (4.19)
Again, the Chan-Paton bundles must decompose as a tensor product of line bundles with
connections of the form Λs∗ and Λ~xi :
RI = LsI∗ ⊗ LpI0
mI⊗
nI=1
L~xnI
mI−1⊗
nI−1=1
L−1~xnI−1 , (4.20)
where {nI} indexes over the smooth monopoles with charge along HI , pN = m0 = 0, and
0 < sI < sI+1. Notice here that we have completely gauge fixed the B-field to a choice which
is very convenient for matching to physical data.
T-dualizing this configuration will produce a configuration of D1/D3/NS5-branes as in
Figure 11. In words, it will have a stack of N D3-branes separated at points x4i+1 > x
4
i > 0
such that x4I+1 − x4I = vI , 26 localized at x5,6,7,8,9 = 0 with a single NS5-brane localized at
x4 = 0 and at the origin in R3. There will also be mI D1-branes stretching from the D3I - to
the D3I+1-brane and pI D1-branes stretching from the NS5-brane to the D3I -brane. Again,
the D1-branes emanating from the NS5-brane that end on the D3I -brane will source a local
magnetic charge in the world volume theory of the D3-branes.
26See Footnote 24.
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4.3 Physical ’t Hooft Charges
This construction of singular monopoles is similar to that of [39] in the sense that they both
introduce a Dirac monopole by having D1-branes in a way that couples to the center of mass of
the stack of D3-branes which we have already projected out in going from a U(N)→ SU(N)
gauge theory. Thus, we also need to project out the part of the physical charges that couple
to this center of mass degree of freedom. We take the natural projection map, given by:
Π(h) = h− TrNh · 1N , (4.21)
for h an element of the Cartan subalgebra h ∈ t.
Now let us consider some example brane configurations to show that the ’t Hooft charges
match the field configurations we claim to describe.
Example 1 Consider again the case of SU(2) singular monopoles as in the previous subsec-
tion. In this case, the brane configuration is described by the U(2) ’t Hooft charge
P˜ =
(
p 0
0 0
)
. (4.22)
Under the projection map Π : u(N)→ su(N), the ’t Hooft charge becomes
P = Π(P˜ ) =
1
2
(
p 0
0 −p
)
= p h1 . (4.23)
This is exactly the charge of the field theory configuration (4.2).
Example 2 Now consider the case of singular monopoles in SU(N) gauge theory. As in the
previous subsection, take the brane configuration of Figure 12. This is described as follows.
Consider a stack of N D3-branes localized at x5,6,7,8,9 = 0 and at distinct values in the
x4-direction which we will give an ordering from left to right. Now consider a single NS5-
brane localized to the left of all of the D3-branes in the x4-direction and localized at ~xn ∈ R3.
Now add pI D1-branes which run from the NS5-brane to the D3I -brane for I 6= N . This
configuration will have a U(N) ’t Hooft charge
P˜ = pI
I∑
J=1
eJ,J , (4.24)
where eI,J is the diagonal matrix with a single 1 in the (I, J)-component. Under the projection
to SU(N), this becomes
P = Π(P˜ ) = pI
(
I∑
J=1
eJ,J − 1
2
1N
)
= pIh
I . (4.25)
This matches the charge of the corresponding field configuration in (4.16)
– 44 –
1 2 3 p
1 2 3 p
p
p
(a) (b)
Figure 13. In this figure we show how to relate the (L[h1,0])
p reducible ’t Hooft operator (a) to the
L[P,0] irreducible ’t Hooft operator (b). This suggests that the tail of the reducible singular monopole
configuration is analogous to the subleading terms in the OPE.
Remark It is also interesting to note that since reducible defects can be thought of as
irreducible defects after removing “subleading terms” from the OPE, we can similarly think
of irreducible ’t Hooft defects in this picture by similarly removing the the degrees of freedom
not directly interacting with the D3-branes as in Figure 13.
Remark From this construction it is also clear how to insert multiple irreducible ’t Hooft
defects since the brane configuration only include local brane interactions. Therefore, this
brane configuration can be used to describe general ’t Hooft defect configurations in 4D N = 2
supersymmetric gauge theories.
4.4 Irreducible Monopole Bubbling and Future Directions
While the analysis in this section has been purely semiclassical and valid away from the
bubbling locus, we again expect that it also captures the physics of monopole bubbling.
Many of the arguments from the previous section carry over. We can argue that the ’t Hooft
charge is screened by noting that the profile of the the D3-brane will locally bend less and less
by bringing smooth monopole D1-branes down to the singularity as they pull the D3-brane
in the opposite direction [39]. 27
Additionally, monopole bubbling for irreducible monopoles is again not a singular process.
By making a judicious choice of Hanany-Witten frame, monopole bubbling will at most
correspond to a D1-brane becoming coincident with a parallel stack of D1-branes. See Figure
14. We could also repeat the analysis in Section 3.2 to derive the vacuum equations which
again will not have any obstruction to describing monopole bubbling configurations. Thus
we again expect that this brane configuration can be used to study monopole bubbling.
One key difference however, is that there has been little verification that this brane con-
figuration captures the correct dynamics of monopole bubbling. First, there is much less
understood about the structure of irreducible singular monopole moduli space – specifically
27This is simply equivalent to arguing that two objects with opposite magnetic charge screen each other
when you put them on top of each other.
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1 2 3 N-1 N
NS5
D3 D3 D3 D3 D3
p1
p2
p3
pN-1
Figure 14. This figure describes a Hanany-Witten dual frame of the brane configuration in which
monopole bubbling is a non-singular process for irreducible ’t Hooft defects. In this figure we can
see that bubbling of the finite D1-branes (blue) occur when they become spatially coincident with
the NS5-brane (and associated D1-branes in red) in the x1,2,3-directions. Here, one can again see
that in this duality frame, monopole bubbling is non-singular as it corresponds to at most coincident
D1-branes.
the stratification structure of irreducible singular monopole moduli space is much more com-
plicated. Thus, it has not been verified whether or not the low energy effective theory of
the bubbled D1-branes reproduces the structure of the transversal slices of the strata of the
singular locus of M. Additionally, there have been no attempts to compute the expectation
value of irreducible ’t Hooft defects by localizing the the bubbling SQM.
However, this brane construction can be used to predict many properties about geomet-
ric structure of irreducible singular monopole moduli space. We expect that it would be
straight forward to make an explicit prediction for the form of the bow variety describing
M(P, γm;X∞) by using the identification of the physical fields in the world volume theory of
the D1-branes with the maps in a bow representation (3.26) and similarly the identification
of components of the brane configuration to components of a bow representation. We addi-
tionally expect that one could also give an explicit form of the transversal slices of the strata
of the singular locus in M by computing the moduli space of the supersymmetric vacua of
the effective SQM of the D1-brane world volume theory compactified on the interval.
We also expect that this computation can be used to compute the contribution to the
expectation value of ’t Hooft defect operators from monopole bubbling. This can be verified
by using the computed irreducible ’t Hooft operator expectation values in conjunction with
the relationship between reducible and irreducible ’t Hooft operators via the known OPE in
[33].
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A Kronheimer’s Correspondence
In this appendix we will give a more in depth review and proof of Kronheimer’s correspon-
dence. This correspondence gives a one-to-one mapping between singular monopole config-
urations on R3 with U(1)K invariant instantons on (multi-)Taub-NUT. Therefore, for com-
pleteness, we will first give a brief review of Taub-NUT spaces and their general properties.
A.1 Review of Taub-NUT Spaces
Taub-NUT is an asymptotically, locally flat (ALF) space. It has the natural structure of a
circle fibration over R3, pi : TN S
1→ R3 whose fiber degenerates at a single point (the NUT
center), which we will take to be at the origin in R3. For any finite, positive value of r, the
restriction of the S1 fibration of Taub-NUT to a 2-sphere of radius R, is the Hopf fibration
of charge ` = 1, TN |R ∼= S3 S
1→ S2R.
This space has a metric which can be expressed in Gibbons-Hawking form as
ds2 = V (~x) d~x · d~x+ V −1(~x) Θ2 , (A.1)
where
V (~x) = 1 +
1
2r
, Θ = dξ + ω , (A.2)
where ξ is the S1 fiber coordinate with periodicity 2pi and |~x| = r is the radius in the base
R3 space. Note that V (~x) is sometimes called the harmonic function. Further, ω ∈ Ω1(TN)
is a 1-form on Taub-NUT and solves the equation
dω = ∗3dV , (A.3)
where ∗3 is the Hodge-star on the base R3 lifted to TN . Note that while ω and dξ are
not globally well defined 1-forms, Θ is globally well defined. Additionally, Taub-NUT is
homeomorphic to R4 under the coordinate transformation
x1 + ix2 =
√
r cos
(
θ
2
)
ei(φ+ξ) , x3 + ix4 =
√
r sin
(
θ
2
)
ei(φ−ξ) . (A.4)
This space comes with a natural U(1) action (which we will refer to as the U(1)K action)
given by translation of the ξ coordinate. This means ∀k ∈ U(1)K , there exists a fk ∈ diff(TN)
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such that in local coordinates fk : (~xR3 , ξ)→ (~xR3 , ξ+ kˆ) for kˆ ∈ R/2piZ. Note that the metric
is invariant under this action
f∗k (ds
2) = ds2 . (A.5)
Taub-NUT can also be extended to have multiple NUT centers, called multi-Taub-NUT
(or TNk for k-NUT centers). This space is also naturally a circle fibration over R3: TNk
S1→ R3
where the S1 fiber degenerates at k-points {~xi}ki=1 in the base R3. This space has a non-trivial
topology given by H2cpt(TNk,Z) = Γ [Ak−1] where Γ [Ak−1] is the root lattice of the Lie group
Ak−1. These non-trivial 2-cycles are homologous to the preimage of the lines running between
any two NUT centers under the projection pi : TNk → R3. This space has a metric given by
ds2 = V (~x) d~x · d~x+ V −1(~x) Θ2 , (A.6)
where28
V (~x) = 1 +
k∑
i=1
1
2|~x− ~xi| , Θ = dξ + ω , (A.7)
and again dω = ∗3dV . Again Θ is a globally defined 1-form and there is a natural U(1)K
action given by translation along the S1 fiber coordinate ξ.
A.2 Kronheimer’s Correspondence for a Single Defect
Now we will derive Kronheimer’s correspondence for the case of a single ’t Hooft defect.
Our setting is U(1)K-invariant instantons on single centered Taub-NUT space, TN . Let us
introduce a gauge field on Taub-NUT by introducing a principal G bundle, σ : P → TN
with a connection Aˆ, for G a compact, simple Lie group. In order to study U(1)K-invariant
instantons, we must first define a lift of the U(1)K action to P. Due to the degeneration of
the S1 fiber, this must be defined on local patches and then extended globally by demanding
U(1)K equivariant transition functions for P.
In each simply connected patch Uα ⊂ R3\{0} not containing the origin which lifts to a
patch Uα = pi−1(Uα) not containing the NUT center. In this patch, the lift of the U(1)K
action is defined by a pair of choices (f, ρ) : U(1)K → Aut(TN) × Aut(g) such that in local
coordinates {xµ},
k · (xµ, g) 7→
(
fk(x
µ),
(
ρk(x
µ)
)−1
gρk(x
µ)
)
(A.8)
and
σ(fk(x
µ), ρ−1k gρk) = fk(x
µ) ∈ Uα , (A.9)
where pi : TN → R3. This means that a U(1)K-invariant connection Aˆ in a patch Uα must
satisfy f∗k Aˆ ∼= Aˆ up to a smooth gauge transformation
f∗k Aˆ = ρ
−1
k Aˆρk + iρ
∗
kθ , (A.10)
28More generally we can have V (r) = 1+
∑n
i=1
`i
2|~x−~xi| where `i ∈ Z. We can think of this as taking the case
above and taking the limit ~xi → ~xj for some set of combination of i, j. Having `i 6= 1 leads to orbifold-type
singularities in the metric at the NUT centers.
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where θ is the Maurer-Cartan form [22, 30].
Now consider a self-dual, U(1)K-invariant connection above the patch Uα = pi−1(Uα), for
Uα ⊂ R3\{0} simply connected. Without loss of generality, this can be written in the form
[35]
Aˆ = pi∗A− ψ(x)(dξ + ω) , (A.11)
where A is a g valued 1-form on the base R3. We will refer to the form (A.11) of the connection
as the U(1)K-invariant gauge.
Dropping the pi∗ notation, the curvature can be written as
Fˆ = DˆAˆ = DA− ψdω −Dψ ∧ (dξ + ω) ,
= (F − ψdω)−Dψ ∧ (dξ + ω) , (A.12)
where Dˆ and D are the gauge-covariant derivatives with respect to the connection Aˆ and A
respectively.
Using the orientation form29 Θ ∧ dx1 ∧ dx2 ∧ dx3, we can compute the dual curvature
∗ Fˆ = − ∗3 F ∧
(
dξ + ω
V
)
− V ∗3 Dψ + ψ ∗3 dω ∧
(
dξ + ω
V
)
. (A.13)
Self-duality Fˆ = ∗Fˆ then reduces to the simple equation
∗3 (F − ψdω) = V Dψ , (A.14)
which can be written
∗3 F = D(V ψ) , (A.15)
which is equivalent to the Bogomolny equation under the identification X = V ψ.
Therefore a U(1)K-invariant connection on the patch Uα in Taub-NUT is self-dual if
and only if, the associated three dimensional connection and Higgs field Aˆ 7→ (A,X = V ψ)
satisfies the Bogomolny equation on Uα ⊂ R3.
Now that we have shown that there is a local correspondence between U(1)K-invariant
instantons on Taub-NUT and monopoles on R3, we need to show that these solutions can be
smoothly extended over all patches Uα = pi−1(Uα) for Uα ⊂ R3\{0}.
Recall that in order to have a well defined principal G-bundle over a generic manifold M ,
on any two patches Uα,Uβ with non-trivial intersection, the gauge fields must be related by
some gauge transformation gαβ. This is the data of the bundle and encodes its topology.
Let us define Uα,Uβ = pi−1(Uα), pi−1(Uβ) for Uα, Uβ ⊂ R3\{0}. By comparing the defini-
tion of U(1)K-invariance in each patch with the gluing condition, the ρα satisfy
ρα(~x, k)gαβ(k · ~x) = gαβ(~x)ρβ(~x, k) , (A.16)
or rather
gαβ(k · ~x) = ρ−1α (~x, k)gαβ(~x)ρβ(~x, k) , (A.17)
29Note that this orientation form is the natural choice as dξ is not globally well defined.
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and hence the transition functions are U(1)K-equivariant with respect to the lifted U(1)K
action.
Now we want to extend the action over the NUT center where the S1 fiber degenerates.
Consider a generic open set Uα = pi−1(Uα) where 0 /∈ Uα ⊂ R3. As before in this patch we
can write the connection Aˆα in a U(1)K-invariant gauge (where ρα(~x; k) = 1G). Now take
U0 = pi−1(B3 ) where B3 is the three dimensional -ball around the origin. Since the S1 fiber
degenerates at the origin, the U(1)K action has a fixed point in U0 and hence Aˆ0 cannot be
written in the U(1)K-invariant gauge (A.11) in that patch .
However, we can determine the form of Aˆ0 in terms of a gauge transformation of a
connection Aˆα in the U(1)K-invariant gauge. Consider a Uα as defined before such that
Uα ∩ U0 6= ∅. The transition function g0α between the U(1)K-invariant connection Aˆα on Uα
and Aˆ0 on U0 has the limiting form lim~x→0 g(~x, ξ) → e−iP ξ for some choice of P ∈ Λcochar
[35], and hence lim~x→0 g−1dg = −iPdξ.
The reason we have this limiting form of the gauge transformation is as follows. The
component of any smooth gauge field along the fiber direction must go to zero at the NUT
center. However, the U(1)K-invariant gauge is generically non-zero. Therefore, we must have
that the transition between these two gauges must have the limit of a constant function
lim
~x→0
g−1dg = −iPdξ , (A.18)
which cancels the non-zero value of ψ(0). Further since we must have a well defined gauge
transformation, P is restricted to lie in Λcochar =
{
P ∈ t | Exp[2piP ] = 1G
}
and hence the
condition that Aˆ be U(1)K-invariant and smooth requires that lim~x→0 ψα(~x) ∈ Λcochar. This
results in the limiting form described above. Note that this gauge transformation g0α(~x, ξ)
is smooth for neighborhoods arbitrarily close to the NUT center, but is not globally smooth
because of the degeneration of the ξ-fiber.
Using the limiting form of the gauge transformation above, the gauge field on U0 is of the
form Aˆ0 = g
−1
0α Aˆαg0α + ig
−1
0α dg0α. It is clear from this form that we should identify ρ0(~x; k)
with g−10α (~x, k) since Aˆα is U(1)K-invariant and all of the ξ-dependence of Aˆ0 is in the g0α
gauge transformation. Therefore, fixing the lift of the U(1)K action at the NUT center fixes
the action globally in the case of a single singular monopole by gluing across the patches using
(A.17) which is trivial due to the trivial topology of Taub-NUT (H2(TN ;Z) ∼= 0). Hence,
gauge inequivalent U(1)K-invariant connections are defined by a choice of P ∈ Λcochar.
Using this we can see that the connection Aˆ0 has the limiting form
lim
~x→0
Aˆ0 → [A+ Pω]− [ψ + P ](dξ + ω) . (A.19)
By Uhlenbeck’s Theorem, the gauge bundle can be smoothly continued over the NUT center
if the action of the field Aˆ0 is finite [48]. This implies that
lim
~x→0
ψ(~x) = −P +O(rδ) , lim
x→0
A = −Pω +O(r−1+δ) , (A.20)
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and that all apparent singularities arising from higher order terms (as in δ ≥ 12) can be
gauged away. This means that the corresponding monopole solution will have the asymptotic
behavior
FR3 =
Pn
2
dΩ +O(r−2+δ) , X = −Pn
2r
+O(r−1+δ) , (A.21)
in the limit r → 0 for some δ > 0.
Note that near r → ∞, V = 1 and hence X → ψ(~x). This means that the Higgs vev
X∞ is encoded in the holonomy of Aˆ along the S1 fiber at infinity – i.e. by the value of ψ as
r →∞.
Therefore, by using the global lift of the U(1)K-action to the gauge bundle, local Kro-
nheimer’s correspondence can be extended globally. Hence, general singular monopoles con-
figurations in R3 with one defect are in one-to-one correspondence with U(1)K-invariant
instantons on Taub-NUT where the lift of the U(1)K action is defined by the ’t Hooft charge
of the singular monopole.
Remark It is worth commenting on the admissibility of subleading terms in the asymptotic
behavior of the gauge/Higgs fields in the instanton/monopole solutions. From the analysis
from [40], locally solving the gauge covariant Laplacian in the presence of a singular monopole
imposes that
FR3 =
Pn
2
dΩ +O(r−2+δ)
Φ = −Pn
2r
+O(r−1+δ)
, δ =
{
1
2 ∃ µ ∈ Λ+rt s.t. 〈µ, P 〉 = 1
1 else
, (A.22)
where Λ+rt is the positive root lattice of the gauge group relative to X∞ ∈ t. The O(r−1/2)
behavior can be explained by ψ(r) having a subleading term going as O(r1/2). This is in fact
the only subleading term allowed by the requirement of finite action by integrating
S = − 1
4g2
∫
pi−1(B3 )
Tr
{
Fˆ ∧ ∗Fˆ
}
, (A.23)
in the singular gauge as in (A.19) where B3 is the solid 2-ball of radius  > 0 around the
origin.
This fractional subleading behavior simply allows for the existence of non-smooth instan-
tons which we should generally expect to contribute to any physical processes. The subleading
behavior also seems to be a manifestation of the fact that singular monopoles with charge
P /∈ Λcr cannot be fully screened by smooth monopoles which generally have charge in Λcr.
A.3 Generalization to Multiple Defects
Now we can ask how this generalizes to the case of multiple defects. This is accomplished by
considering U(1)K-invariant instantons on multi-Taub-NUT, TNk. Since the metric for this
space can again be written in Gibbons-Hawking form as in (A.6), again locally self-dual U(1)K
– 51 –
connections on TNk are in one-to-one correspondence with local solutions of the Bogomolny
equations on R3. This follows from an identical calculation as in the previous section for a
single defect by substituting the harmonic function and corresponding 1-form (V, ω) for those
in the multi-Taub-NUT metric.
The proof of Kronheimer’s correspondence for multiple defects is thus reduced to un-
derstanding how the U(1)K action extends across different patches. Due to this non-trivial
topology, fixing the lift of the U(1)K action of a single NUT center does not specify the ac-
tion completely as there are infinitely many gauge inequivalent ways to glue this action across
different patches approaching different NUT centers.
Rather, the topology of the gauge bundle can be specified by the lift at a single NUT
center and by a choice of Dirac monopole charge for each non-trivial homology 2-sphere – or
equivalently one can specify the lift of the U(1)K action at each NUT center. However, we
should ask whether or not specifying the topological class of the bundle in addition to the
lift of the U(1)K action at a NUT center fixes the global lift of the U(1)K action. We will
momentarily argue that this is indeed the case. If this is true, then the set of all inequivalent
choices of U(1)K action on the principal G-bundle on multi-Taub-NUT is in one-to-one corre-
spondence with the set of all possible choices of ’t Hooft charges in the corresponding singular
monopole configuration. Together with local Kronheimer’s correspondence, this global lift of
the U(1)K action would imply that Kronheimer’s correspondence also holds globally.
The question of whether or not we can construct this correspondence is now reduced
to the question of whether or not there exists a gauge transformation on the intersection
of different patches which is U(1)K equivariant such that the U(1)K action has the proper
limiting form at the various NUT centers. As we reviewed in the previous section, in order
to have a well defined principal G-bundle with U(1)K action, on any two intersecting patches
Uα,Uβ, the gauge fields are related by some gauge transformation gαβ which satisfies the
equivariance condition
gαβ(k · x) = ρ−1α (x, k)gαβ(x)ρβ(x, k) . (A.24)
The new complication of defining the U(1)K action on multi-Taub-NUT is how it glues across
patches containing different NUT centers. So, let us consider Uα,Uβ = pi−1(Uα), pi−1(Uβ) for
Uα, Uβ ⊂ R3 containing NUT centers at ~xα, ~xβ respectively such that Uα ∩Uβ 6= ∅. Using the
limiting forms of the ρα, we can explicitly solve for the form of gαβ(x) in the patch Uα ∩Uβ:
gαβ(x) ∼= Exp [i(Pβ − Pα)ψ] , (A.25)
up to a trivial gauge transformation, and hence specifies a class in H2(TNn,Z).
The physical argument that this must be the correct class for the transition function
is as follows. Consider a line `ij from ~xi to ~xj (two NUT centers). We know that the
U(1)K action on a patch Ui near the ~xi goes as ρi(k) ∼ eiPik and similarly on Uj near ~xj ,
ρj(k) ∼ eiPjk. This means that on the transition Ui ∩ Uj along the line `ij , the transition
function must be in the same cohomology class as Exp [i(Pα − Pβ)ξ] because the winding
number of P → pi−1(`ij) ∼= S2 is Pi on one hemisphere and Pj on the other hemisphere.
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This is exactly analogous to the translation function along the equator on the sphere
at infinity for a monopole in R3. These transition functions, as in the picture of monopoles
in R3, have the interpretation of the gauge field having non-trivial flux on these spheres.
This is necessary for the consistent lift of the U(1)K action across the entire space and in
the corresponding singular monopole configuration on R3, this flux is literally the physical
magnetic flux between two singular monopoles (in the absence of smooth monopoles).
Therefore, the U(1)K action can be globally lifted to the gauge bundle over multi-Taub-
NUT which can be used to globally extend local U(1)K-invariant instanton solutions. Hence,
general singular monopole configurations in R3 are in one-to-one correspondence with U(1)K-
invariant instantons on multi-Taub-NUT where the collection of ’t Hooft charges specifies both
the topology of the gauge bundle and the global lift of the U(1)K action.
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